The decomposition of global conformal invariants 
I: On a conjecture of Deser and Schwimmer. 

Spyros Alexakis* 

Abstract 

This is the first in a series of papers where we prove a conjecture of 
Deser and Schwimmer regarding the algebraic structure of "global confor- 
mal invariants" ; these are defined to be conformally invariant integrals of 
geometric scalars. The conjecture asserts that the integrand of any such 
integral can be expressed as a linear combination of a local conformal 
invariant, a divergence and of the Chern-Gauss-Bonnet integrand. 

In this paper we set up an iterative procedure that proves the decom- 
position. We then derive the iterative step in the first of two cases, subject 
to a purely algebraic result which is proven in [6l E] . 
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1 Introduction. 

This is the first in a series of papers, [U H3 M HI IS] > where we provide a rigorous 
proof of a conjecture of Deser and Schwimmer, originally formulated in [19] . 
This series is a continuation of the previous work of the author, [TJ [2] which 
established the conjecture in a special case and developed some useful tools 
which we will use below. 

The purpose of this introduction is to firstly provide a formulation of the 
conjecture, and then to give a very brief synopsis of some of the main ideas in 
the proof, followed by a more detailed outline of the present paper. 

1.1 Formulation of the problem. 

We start by recalling the conjecture of Deser and Schwimmer. Firstly, we recall 
a classical notion from Riemannian geometry, that of a "scalar Riemannian 
invariant" : 

In brief, given a Riemannian manifold (M,g), scalar Riemannian invariants 
are intrinsic, scalar-valued functions of the metric g. More precisely: 

Definition 1.1 Let L(g) be a formal polynomial expression in the in the (for- 
mal) variables dri...r k gij,k > and (detg)^ 1 (here the indices ri , . . . , rk , j, j 
take values i, . . . , n )- Given any coordinate neighborhood U C K™ and any Rie- 
mannian metric g expressed in the form gijdx l dx 3 in terms of the coordinates 
{a; 1 , . . . ,x n } £ U, let LF g stand for the function that arises by plugging in the 

values dr^... rk gij, (detg)^ 1 into the formal expression L(g). We say that L(g) 
is a Riemannian invariant of weight K if: 

1. Let g,g' be two Riemannian metrics defined over neighborhoods U,U' C 
W 1 , and let LF g ,LF g , be the scalar-valued functions defined over U,U' that 
we obtain by substituting g,g' into the formal expression L(g). Then we 
require that if g,g' are isometric via the map $:£/—>?/' then L^{x) — 
L g , ($(x)) for every x £ U. (This property is called the intrinsicness 
property of L(g)). 
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2. Let g be a Riemannian metric defined over U C M. n and let t > 0. Let g' 
be the Riemannian metric t 2 ■ g. Let LF g ,LF g , be the scalar-valued functions 
defined over U that we obtain by substituting g, g' into the formal expres- 
sion L(g). We then require that L^,(x) = t K LF g [x) for every x G U. (We 
then say that L(g) has weight K). 

In view of the first property, a Riemannian invariant L(g) assigns a well- 
defined0 scalar- valued function to any Riemannian manifold (M,g). 

We next review a classical theorem which essentially goes back to Weyl, [3D], 
which states that any scalar Riemannian invariant can be expressed in terms of 
complete contractions of covariant derivatives of the curvature tensor. To state 
this result precisely, let us recall some basic facts from Riemannian geometry: 

Given a Riemannian metric g defined over a manifold M, consider the cur- 
vature tensor Rijki and its covariant derivatives Vr™..r m -Ry7rf (these are thought 
of as (0, m + 4)-tensors). This gives us a list of tensors defined over M. 

A natural way to form intrinsic scalars out of this list of intrinsic tensors 
is by taking tensor products and then contracting indices using the metric g ab : 
Firstly we take a (finite) number of tensor products, say: 

V&^ifcxJxfcxl! ® • • • ® V ( ££ m .Ri.j M k.l., (i.i) 

thus obtaining a tensor of rank (mi +4) + - ■ ■+(m s +4). Then, we can repeatedly 
pick out pairs of indices in the above expression and contract them against each 
other using the metric g ab . In the end we obtain a scalar. We will denote such 
complete contractions by C(<?)H Observe that any such complete contraction 
will be a scalar Riemannian invariant of weight —[{mi + 2) • • • + (m s + 2)]. 
Thus, taking linear combinations of complete contractions of a given weight w 
we can construct local Riemannian invariants of weight w. We will denote such 
linear combinations by ^2 reR a r C r (g) (here R is the index set of the complete 
contractions, C r {g),r G R are the different complete contractions appearing 
and a r are their coefficients). 

Now, a classical result in Riemannian geometry (essentially due to Weyl, 
[3D]) is that the converse is also true: For any Riemannian invariant L(g) there 
exists a (non-unique) linear combination of complete contractions in the form 
(jl.ip . X^r-ei? a rC r {g) so that for every manifold (M, g) the value of L(g) is equal 
to the value of the linear combination ^2 re R(i r C r (g). Thus from now on wc 
will be identifying Riemannian invariants with linear combinations of the form: 

L(g) = J2^C l (g), (1.2) 

where each C l (g) is a complete contraction (with respect to the metric g) in the 
form: 

1 (Meaning coordinate-independent). 

2 A rigorous, if somewhat abstract, definition of a complete contraction appears in the 
introduction of [l]. 
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C l (g) = contr(\7 (mi) R ® ■ ■ ■ <g> V^R). 



(1.3) 



(We do not write out the indices of the tensors involved for brevity). We also 
remark that a complete contraction is determined by the pattern according to 
which different indices contract against each other. Thus, for example, the 
complete contraction R a bcd ® R abcd is different from the complete contraction 
R a bad <8> R s hsd . The notation JO} of course does not encode this pattern of 
which index is contracting against which etc. 

The Deser-Schwimmer conjecture: The conjecture deals with conformally 
invariant integrals of Riemannian scalars: 

Definition 1.2 Consider a Riemannian invariant P{g) of weight —n (n even). 
We will say that the integral J Mn P(g)dV g is a "global conformal invariant" if 
the value of J M „ P(g)dV g remains invariant under conformal re-scalings of the 
metric g. 

In other words, J M „ P(g)dV g is a "global conformal invariant" if for any 
<f> e C°°(M n ) we have J M „ P(e^g)dV e ^ g = J Mn P(g)dV g . 

In order to state the Deser-Schwimmer conjecture, we recall that a local 
conformal invariant of weight — n is a Riemannian invariant W(g) for which 
W(e 2 ^g) = e^ n ^W(g) for every Riemannian metric g and every function cj> G 
C°°(M n ). Furthermore, a Riemannian vector field T l (g) is a linear combination 
^(g) — J2q£Q a qC q ' l (g), where each C qt (g) is a partial contraction (with one 
free index) in the form: 

C ql (g) = pcontr(V [mi) R® ■ ■ ■ ® V (mtl) i?) 

with J2t=i( m t + 2) = n — 1. (Notice that for each such vector field, the diver- 
gence diviT l (g) is a Riemannian invariant of weight — n). Finally, we recall that 
Pfaff (Rijki) stands for the Pfafnan of the curvature tensor H 

The Deser-Schwimmer conjecture Q15] asserts: 

Conjecture 1 Let P(g) be a Riemannian invariant of weight —n such that 
the integral J M „ P(g)dV g is a global conformal invariant. Then there exists a 
local conformal invariant W(g), a Riemannian vector field T l (g) and a constant 
(Const) so that P(g) can be expressed in the form: 

P(9) = W(g) + div t T l (g) + (Const) ■ Pfaff (Ri jk i). (1.4) 

We recall the theorem we proved in [1] and [2] : 

3 Recall the Chern-Gauss-Bonnet theorem which says that for any compact orientable Rie- 
mannian n- manifold (M n ,g) we must have f M „ PiaS(R ijkl )dV g ^ = 2 " l^JL 1>! x{M n ). 
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Theorem 1.1 [A] Let J P(g)dV g be a global conformed invariant, where P(g) 
is in the special form: 

P (d) = ^aicontr 1 (R iinklh <g> • • • <& i?i„j„fe„i„); (1.5) 

('i.e. each of the complete contractions above has § undifferentiated factors 
Rijki)- Then P{g) can be expressed in the form: 

P(g) = W(g) + (const) • Pfaff (i? yfei ). 

In this series of papers we will build on the work in [1] , [2] to prove the whole 
Deser-Schwimmer conjecture: 

Theorem 1.2 Conjecture^ is true. 

Related questions: The motivation for the above theorem, along with its 
implications to the notions of Q-curvature and renormalized volume have been 
discussed in the introduction of pQ. We refer to that paper for that discussion. 
We just wish to mention the recent work of A. Juhl [28], where he obtains new 
remarkable insight on the significance of Q-curvature, from an entirely fresh 
point of view. For now, we remark that an analogous problem arises in the con- 
text of understanding the asymptotic expansion of the Szego kernel of strictly 
pseudo-convex domains in C™ (or alternatively of abstract CR-manifolds). In 
particular, the leading term of the logarithmic singularity of the Szego kernel 
exhibits a global invariance which is very similar to the one we discuss here, 
see [22] ■ A further problem related to the Deser-Schwimmer conjecture arises 
in Kahler geometry: The problem is to understand the algebraic structure of 
the coefficients in the Tian-Yau-Zelditch expansion; this is a local version of 
the classical Riemann-Roch theorem regarding the dimension of the space of 
holomorphic sections of high powers of ample line bundles over complex mani- 
folds, see [31] for a detailed discussion. The analogy with the Deser-Schwimmer 
conjecture lies in the fact that these coefficients are local invariants of a Kahler 
metric, whose integral over the base manifold remains invariant under Kahler 
deformations of the metric. 

Finally, we wish to point out that alternative notions of "global conformal 
invariants" have been introduced and studied in the context of general relativ- 
ity, see [12] , 

Before proceeding to outline the proof of Theorem 11.21 and to synopsize the 
present paper, we briefly digress in order to discuss the relationship of this work 
[3]-[8] with the study of local invariants of geometric structures (mostly Rie- 
mannian and conformal) and with certain questions motivated by index theory. 

Broad Discussion: The theory of local invariants of Ricmannian structures 
(and indeed, of more general geometries, e.g. conformal, projective, or CR) has 
a long history. As stated above, the original foundations of this field were laid in 
the work of Hermann Weyl and Elie Cartan, see [30] [18]. The task of writing out 
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local invariants of a given geometry is intimately connected with understanding 
which polynomials in a space of tensors with given symmetries remain invariant 
under the action of a Lie group. In particular, the problem of writing down 
all local Riemannian invariant^ reduces to understanding the invariants of the 
orthogonal group. 

In more recent times, a major program was laid out by C. Fefferman in 
[21] aimed at finding all scalar local invariants in CR geometry. This was mo- 
tivated by the problem of understanding the local invariants which appear in 
the asymptotic expansions of the Bergman and Szego kernels of strictly pseudo- 
convex CR manifolds, in similar way to which Riemannian invariants appear in 
the asymptotic expansion of the heat kernel; the study of the local invariants 
in the singularities of these kernels led to important breakthroughs in [11] and 
more recently by Hirachi in [26] . This program was later extended to conformal 
geometry in [22]. Both these geometries belong to a broader class of structures, 
the parabolic geometries; these are structures which admit a principal bundle 
with structure group a parabolic subgroup P of a semi-simple Lie group G, and 
a Cartan connection on that principle bundle (see the introduction in |16|). An 
important question in the study of these structures is the problem of construct- 
ing all their local invariants, which can be thought of as the natural, intrinsic 
scalars of these structures. 

In the context of conformal geometry, the first (modern) landmark in un- 
derstanding local conformal invariants was the work of Fefferman and Graham 
in 1985 [22], where they introduced the ambient metric. This allows one to 
construct local conformal invariants of any order in odd dimensions, and up to 
order in even dimensions. The question is then whether all invariants arise 
via this construction. 

The subsequent work of Bailey-Eastwood-Graham [TT] proved that this is 
indeed true in odd dimensions; in even dimensions, they proved that the re- 
sult holds when the weight (in absolute value) is bounded by the dimension. 
The ambient metric construction in even dimensions was recently extended by 
Graham-Hirachi, [25j . this enables them to indentify in a satisfactory manner 
all local conformal invariants, even when the weight (in absolute value) exceeds 
the dimension. 

An alternative construction of local conformal invariants can be obtained 
via the tractor calculus introduced by Bailey-Eastwood-Gover in [10J. This 
construction bears a strong resemblance to the Cartan conformal connection, 
and to the work of T. Y. Thomas in 1934, . The tractor calculus has proven to 
be very universal; tractor buncles have been constructed [16) for an entire class 
of parabolic geometries. The relation betweeen the conformal tractor calculus 
and the Fefferman- Graham ambient metric has been elucidated in [17j . 

The present work, while pertaining to the question above (given that it 
ultimately deals with the algebraic form of local Riemannian and conformal 
invariants), nonetheless addresses a different type of problem: We here con- 

4 The scalar-valued invariants considered in Definition 11.11 arc particular cases of such local 
invariants. 
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sider Ricmannian invariants P(g) for which the integral J M „ P(g)dV g remains 
invariant under conformal changes of the underlying metric; we then seek to un- 
derstand the possible algebraic form of the integrand P(g), ultimately proving 
that it can be de-composed in the way that Deser and Schwimmer asserted. It is 
thus not surprising that the prior work on the construction and understanding 
of local conformal invariants plays a central role in this endeavor, in [?J [5] . We 
will explain in [4] how some of the local conformal invariants that we identify 
in P(g) would be expected (given the properties of the ambient metric but also 
the insight obtained in [TT]), while others are much less obvious. 

On the other hand, our resolution of the Deser-Scwimmer conjecture will 
also rely heavily on a deeper understanding of the algebraic properties of the 
classical local Riemannian invariants. The fundamental theorem of invariant 
theory (see Theorem B.4 in [11] and also Theorem 2 in [1]) is used extensively 
throughout this series of papers. However, the most important algebraic tool 
on which our method relies are certain "main algebraic Propositions" presented 
in the present paper and 0] These are purely algebraic propositions that deal 
with local Riemannian invariants. While the author was led to led to these 
Propositions out of the strategy that he felt was necessary to solve the Deser- 
Schwimmer conjecture, they can be thought of as results of independent interest. 
The proof of these Propositions, presented in [SI El [5] is in fact not particularily 
intuitive. It is the author's sincere hope that deeper insight will be obtained in 
the future as to why these algebraic Propositions hold. 

Index Theory: Questions similar to the Deser-Schwimmer conjecture arise 
naturaly in index theory; a good reference for such questions is [13]. For ex- 
ample, in the heat kernel proof of the index theorem (for Dirac operators) by 
Atiyah-Bott-Patodi [9] , the authors were led to consider integrals arising in the 
(integrated) expansion of the heat kernel over Riemannian manifolds of general 
Dirac operators, and sought to understand the local structure of the integrand^ 
In that setting, however, the fact that one deals with a specific integrand which 
arises in the heat kernel expansion plays a key role in the understanding of its 
local structure. This is true both of the original proof of Patodi, Atiyah-Bott- 
Patodi 9 and of their subsequent simplifications and generalizations by Getzler, 
Bcrline-Getzler-Vergne, see [T3] . 

The closest analogous problem to the one considered here is the work of 
Gilkey and Branson-Gilkey-Pohjanpelto, [24] [15]. In [24], Gilkey considered 
Riemannian invariants P(g) for which the integral j M „ P(g)dV g on any given 
(topological) manifold M n has a given value, independent of the metric g. He 
proved that P(g) must then be equal to a divergence, plus possibly a mul- 
tiple of the Chern-Gauss-Bonnet integrand if the weight of P(g) agrees with 
the dimension in absolute value. In [15j the authors considered the problem 
of Deser-Schwimmer for localy conformally flat metics and derived the same 

5 A summary of these is provided in subsection 1 1 . 31 below. 

6 We note that the geometric setting in [9] is more general than the one in the Deser- 
Scwimmer conjecture: In particular one considers vector bundles, equipped with an auxiliary 
connection, over compact Riemannian manifolds; the local invariants thus depend both on the 
curvature of the Riemannian metric and the curvature of the connection. 
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decomposition (for locally conformaly flat metrics) as in Although these 

two results can be considered precursors of ours, the methods there are entirely 
different from the ones here; it is highly unclear whether the methods of [2U [T5] 
could be applied to the problem at hand. 

1.2 Outline of the argument. 

A one-page outline of the argument: The Deser-Schwimmer conjecture is 
proven by a multiple induction. At the roughest level, the induction works as 
follows: Express P(g) as a linear combination of complete contractions: 

P(g)=J2^C l (g), (1.6) 

each C (g) in the form (|1.3[) . 

The different complete contractions C l (g) appearing above can be grouped 
up into "categories" according to certain algebraic features of the tensors in- 
volvedQ Accordingly, we divide the index set L into subsets L 1 , . . . , L T so that 
the terms indexed in the same index set L belong to the same category (and 
vice versa), and [jf =1 L* — L; accordingly, we write: 

T 

^) = EE^( 3 ). (i.7) 

t=i leL* 

We will also introduce a grading among the set of categories: A given category of 
complete contractions will be "better" or "worse" than any other given category. 
For future reference, the "best" category of complete contractions are the ones 
with 5 factors. 

Assume that in (|1.7p , for each pair 1 < a < (3 < T the category of complete 
contractions indexed in L@ is "worse" than the category of complete contrac- 
tions indexed in L a . (Therefore, in particular the "worst" category of complete 
contractions in (|1.7p is the category J2igl t a iC l {g))- 

The main step of our induction is to prove that unless the complete contrac- 
tions C l (g),l £ L T are in the "best" category^ there exists a local conformal 
invariant W(g) and a divergence of a vector field diviT l (g) so that: 

a l C l (g)-W(g)-div 1 T\g)= £ ai C l (g), (1.8) 

where the complete contractions in the RHS of the above belong to categories 
that are all "better" than the category of J2ieL T a iC l (g)- 

Observe that once this "main step" is proven, we can iteratively apply it 
to derive that there exists a local conformal invariant W(g) and a divergence 
diViT l (g) so that: 

7 See the next page for more details. 
8 I.e. unless P(g) is in the form 11.51 . 
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P(g)-W(g)-div i f i (g)=P(g), (1.9) 

where P(g) is a linear combination of terms with ^ factors. Furthermore, 
j M „ P(g)dV g is also a global conformal invariant. Therefore, invoking the main 
theorem of [2], we derive that P(g) can be written in the form: 

P(9) = W'{g) + (Const) • Pfaff (iJy W ), (1.10) 

where W'(g) is a local conformal invariant^ Therefore, combining (|1.9[) and 
(|1.10|1 we derive the Deser-Schwimmer conjecture. 

1.3 A more detailed outline of the present paper. 

This series of papers (the present paper and [4j [5j [BJ [3 [8] ) can naturally be di- 
vided into two parts: Part I (which consists of the present paper together with 
[4 and 5 ) proves the Deser-Schwimmer conjecture subject to proving certain 
"main algebraic propositions"; these are Proposition 15.21 in the present paper, 
and the two propositions 3.1, 3.2 in the section "The important tools" in 0]. 
Part II (which consists of the papers [6], [7], [H]) are devoted to proving these 
"main algebraic propositions" . Thus, the logical dependence of this work is that 
the present paper and [HG3 depend on [6l[7l[8]. Here we present a more detailed, 
yet broad, outline of this entire work, putting emphasis on the results proven 
in the present paper. In the subsequent papers of this series, we will provide 
further synopses of the other main ideas that appear in this work. 

"Categories" and the notion of "better" vs. "worse" categories: 

We now explain in more detail the notion of "categories" explained above, and 
how one category is "better" or "worse" than another category. Firstly, recall 
that the curvature tensor R%jkl admits a natural decomposition into its trace- 
free part (the Weyl tensor) and its trace parts (consisting essentially of the 
Ricci tensor)0 we will write out the global conformal invariant Pig) as a linear 
combination of complete contractions involving covariant derivatives of the Weyl 
tensor and covariant derivatives of the Schouten tensor y( a )pp^| 

P( g ) = aicontr 1 (V {mi) W <g> • • • <g> V (mtl) W <g> V (pi) P <8> • • • <8> V^P). (1.11) 

ZG-L 

Then, two complete contractions in the above form belong to the same "cat- 
egory" if they have the same number a + b of factors (in total), and also if 
they have the same number b of factors V^P. Furthermore, if we consider 
two complete contractions C 1 (g) and C 2 (g) in the above form, then C 1 (g) is 

9 PfafE(i? ij 7 ! ;) is the Pfaffian of the curvature tensor (i.e. the Gauss-Bonnet integrand). 
10 See J23J below. 

llr The Schouten tensor, defined in 1 12.31 1. is a trace-adjustment of the Ricci tensor. For the 
purpose of this brief introduction, the reader may wish to think of the Schouten tensor as 
"essentially" the Ricci tensor. 
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"worse" than C 2 (g) if it has fewer factors in total. If C 1 (g), C 2 (g) have the 
same number of factors in total, then C 1 (g) is "worse" than C 2 (g) if it has more 
factors V^P. 

Thus: Let a be the minimum total number of factors among all the complete 
contractions indexed in L in (| 1 . 0|) . Among the complete contractions with a 
factors, let s be the maximum number of factors V^'P. Then the "worst" 
complete contractions in (jl.lip are the ones with a — s factors and s 

factors V^P. Denote the index set of the "worst" complete contractions by 
L% C L. We dehne P(g) W orst- P iece ■= J2ieL% a i cl {9)- 

Our main claim is that if a < ~ then P{g) WO rst- piece can be expressed as 
follows: 

F \9) worst— piece — 

W{g) + diViTig) + ]T a 9 C/(«£) + £ a B C[[$\ (1.12) 

where W(g) is a local conformal invariant F^l diViT l (g) is the divergence of a 
Riemannian vector field and each of the complete contractions indexed in F 1 , F 2 
are in the form: 

contr(V {mi) W ® • • • <g> ® V (pi) P ® • • • ® V (pt) P), (1.13) 

with the following additionnal properties: The terms indexed in F 1 have more 
than a factors in total, while the terms indexed in F 2 have a factors in total 
but strictly fewer than s factors V^P. (In other words, the terms indexed in 
F X ,F 2 are "better" than the terms in P (g) w or st- piece)- 

The main ideas in the derivation of (|1.12|h and a discussion of the 
difficulties: The starting point in deriving (|1.12p is to pass from the invariance 
under integration enjoyed by P(g) to a local formula for its conformal variation. 

The main tool we developed in [T] (in order to address the Deser-Schwimmer 
conjecture) is the so-called super divergence formula. In one sentence, this for- 
mula applies to the conformal variation I g (<j>) of P(o) lj and explicitly expresses 
I g (4>) as a divergence of a vector- valued differential operator X l g ((j>): 

IM = diviX^). (1.14) 

Then, the main task in proving (|1.12p is two-fold: Firstly, to identify a 
"piece" in I g {4>) which is in one-to-one correspondence with the the "worst 
piece" of Pig)- Secondly, to use the fact that I g {(j>) can be expressed as a 
divergence^ to derive (|1.12[) . 

We distinguish two main cases in order to derive (|1.12[) : Either s > or 
s = 0. We prove (|1.12|) when s > in the present paper. We prove (|1.12|) when 

12 In fact, W(g) = unless s = 0. 

13 We recall that I g (<j>) := e n ^P(e 2 ^g) — P(g); thus I g (<f>) is a differential operator, depending 
on an auxiliary function <j>. 

14 Via the "super divergence formula" from [Jj. 
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s = in [3]. We outline very roughly the proof of (|1.12D in these two cases, 
without illustrating the use of the "main algebraic Propositions" in this proof. 
Then, only for the case s > we explain very briefly how the "main algebraic 
Propositions" are used in the proof. 

An outline of the proof of (|1.12p when s > 0: In this case it not hard 
to "recognize" the worst piece of P(g) in I g ((/>). We let I %(</>) stand for the linear 
combination of terms in I g (<f>) of homogeneity s in the function We have 
proven in [T] that the super divergence formula can also be applied to I g {4>)- 
Thus in this case, we consider I g (<fi) . By virtue of the conformal invariance of 
the Weyl tensor and the transformation law of the Schouten tensor and the 
Levi-Civita connection^ we observe that if we write out 

P{g) W orst-pie ce = aicontr\V^W®- • .SV^-^WSV&^P®- ■ -®V^P), 

(recall that by the definition of P(g)worst-piece, all complete contractions in the 
RHS of the above will have s factors V^P and a — s factors V^W), then: 

r g {<f>) = (-l) s aicontr\V {mi) W <g) • • • <g V {m "- s) W <g V {pi+2) <t> <8> . . . 

jdz Junk — Terms 

(1.15) 

where each of the terms C g (4>), j € Junk — Terms has at least a + 1 factors in 
total. The complete contractions contr l (V ( - rni ' ) W(3- ■ -(g) V*" 1 -- 3 ^® V (pi+2) </>® 
• •■(g) V( ps+2 )</>) arise from the complete contractions contr 1 (V^^W ® • •• <8> 
V(" 1 — ^WgiV^P®- • -(giV^P) fcj/ jusi replacing each factor V^ ) .. rp P I . p+irp+2 
&y a factor ^7r P 1 + . 2 r p+2 4 l - Thus, (|1.15p provides us with a way to "recover" the 
worst piece P(g) wors t-piece from I s g {4>)- 

Now, we recall that J M I g ((f>)dV g = 0, thus we can apply the main re- 
sult of [Tpl to the above integral equation and derive a local equation which 
expresses I %((/>) as a divergence of a vector- valued differential operator. In 
fact, the super divergence formula gives much more precise information: It 
shows that there exists a linear combination X g (<fi) of partial contractions, 
X g {4>) = X; rejR ,a r C^ l (</))ll!l where each C r g > l {(j)) is in the form: 

pcontr{V {m '^R <g> • • • <g> V (m — s) P <g> V (bl) <g> • • • ® V (bs) aV) (1-16) 

(each V^ m ).R is the m th iterated covariant derivative of the curvature tensor, 
and each V^cj) is the b th iterated covariant derivative of the function <f>), so 
that: 

15 In other words, JJ(0) = ^ | <=o e nt *P(e at *0). 
16 See below. 

17 See (J2T9J, l|2.11|l respectively below. 
18 I.e. the "super divergence formula". 

19 "Partial contractions" with one free index, to be precise. 
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r£R j"G Junk— Terms 

(1.17) 

Furthermore, the super divergence formula also implies that each bi > 2 
(apart from certain very special cases where we may have bi = 1 for some of 
the vector fields Cg' l (</>)-for the purposes of this introduction, we will assume 
that each bi > 2). We will now show how the main claim, (|1.12j) . can be derived 
from (|1.17|) when s = a. We will then dicsuss why this direct approach fails 
when < s < a. 

Proof of il.lty) in the case s = a: Now, in the case a = s, we derive in sub- 
section |4J] below that the vector field needed for (|1.12|) is the vector field X l (g) 
that formally arises from X g (<fi) = J2reR Cir C'g' 1 ( ( t > ) m ljl-17j) by replacing each 

factor Vxi:..x b .4> by a factor — V x b ?~.x b .- 2 Px b .- 2 x b . (observe that the condition 
bi > 2 is necessary for this operation to be well-defined). 

On the other hand, in the case s < a one cannot derive (|1.12|) by directly 
applying the super divergence formula to the integral equation J M „ I^((f>)dV g = 
and then replacing the factors as above. We next discuss why this direct 

approach will fail in this case: 

The difficulty in deriving \1.12\) when < s < a: If one were to directly 
apply the super divergence formula to the integral equation J M „ Ig(<fi)dV g = 0, 
one would derive a local equation in the form (I1.17p . Now, if one were to pick 
out the terms with a factors in (|1.17p and then replace the factors Vri...r t <^ 
(b > 2) by factors ^r'^3 b Pr h ^ x r h ( as m the case s — a), one would derive an 
equation: 

(-l) s Y aicontr l (y imi) W <g> • • • <g> V (m — s) W ® V (pi+2) <g> • • • <g V (Pa+2) 0) = 

ZGLJ 

div l Y / arC^(g) + Y / *kC k (g)+ £ ^£7^(0), 

r&R k£K j£ Junk— Terms 

(1.18) 

where the terms indexed in Junk — Terms will have at least a + 1 factors, 
but the terms indexed in K will be in the form 11.13]) with a factors in total, 
and may have as many as a = 1 factors V^ a 'P. In other words, the complete 
contractions indexed in K do not necessarily have fewer than s factors V^°^P. 
Therefore in the language of the "one-page summary" , the terms indexed in K 
in the RHS of (|1.18[) are not necessarily "better" than the terms in the LHS of 

pus) . 
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Therefore in the case < s < a we will use the super divergence formula 
applied to Ig{4>) in a less straightforward way to derive a stronger claim than 

The remedy when < s < a: We will prove that there exists a linear 
combination of vector fields, J2 y eY Q-yCg' 1 ^), where each C^ 1 ^) is in the form: 

pcontr{V {mi) W (g> • • • <g) V (m — s) W <g> V (bl V ® •••(g) V (M 0) 
(with each bj > 2) so that: 

(-l) s ^2a l C l g (4,)=div i J2^yC v g ' i (cl>)+ Yl a o° J M ( L19 ) 

where the terms indexed in Junk have at least a + 1 factors in total. (A brief 
discussion explaining the derivation of (|1.19| is provided further down in this 
10-page summary, in "A rough discussion of the "main algerbraic Proposition" ). 

Then, (|1.19|) implies (|1.12|) : For each y S Y formally construct a vector 
field C y,l (g) in the form Q1.13|) (with one free index) by replacing the factors 

Vri)..r bj <t> by factors —V^ri...r b \_ 2 Pr b ._ l r b . • We then derive (in section IS~4l below) 
that the divergence needed for (|1.12[) is precisely J2 y eY a yC v ' l {g)- 

Note: Observe that in this case s > 0, (|1.12[) holds without a local conformal 
invariant W(g) in the RHS. 

A rough description of the "main algrebraic Proposition" 15.21 and 
of its use in proving equation (|1.12p when s > 0. 

The "main algrebraic Proposition" 15.21 

First a little notation. We will be considering linear combinations of ten- 
sor fields, 5Z ;gLfi a;Cg 41 " 4 " (ili, rip), where each Cg Zl "' v (Qi, . . . , Q p ) is a 
partial contraction (with fi free indices) in the form: 

pcontr(V {mi) R $ . . . V ( " v) i? ® V (ai) ^i ® • • • ® V^flp), (1.20) 

with a given number (say r(= r + p)) of factors in total: among these a given 
number p of factors are in the form V (a) r2 K ,l < x < p0 and the remaining 
t — p are m the form V (m) i?E3 Notice also that there is a given number p of 
factors V^fia, 1 < x < p. We furthermore require that each aj > 2 for each 
tensor field abovej^ and that each tensor field has no internal contractions^ 

We also let J^ieL' &iCg 1 bl (f2i, . . . , Q p ) stand for a linear combination of 
(acceptable) tensor fields in the form (|1.20p . each with rank 6; > p, + 1. Recall 

20 In other words, they are a th covariant derivatives of a scalar function Q x . 
21 The m th covariant derivatives of the curvature tensor R. 
22 Tensor fields in the form with this property will be called "acceptable". 
23 Recall from [I] that in a tensor field in the form 11. 201 . an internal contraction is a pair 
of two indices that belong to the same factor and are contracting against each other. 
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that for each free index j s in Cg'* 1 '"* 1 ' 1 , the divergence divi 3 Cg ll "' lbl is a sum of 
t partial contractions of rank bi — 1: the first summand arises when we hit the 
first factor T\ in Q g ' 1 "' H i j-,y a derivative V ls and contract the upper index la 
against the free index j s ; the second summand arises when we hit the first factor 
T\ in (J s ' n '" n i j-jy a derivative V Is and contract the upper index Zs against the 
free index 8 - s , etc. 

For tensor fields in the form (|1 .20|) we will let Xdivi h Cg ll ' %ai (Oi, . . . ,0, p ) 

stand for the sum of the r — 1 terms in diVi h C g ' n " lb ' (fii, . . . where the 
derivative V lh may hit any factor other than the one to which the free index i h 
belongs The assumption of the "main Proposition" 15.21 is that: 

53 a l Xdiv il ...Xdiv^C l g > il - i »(Q 1 , 
^ aiXdiv^ . . .Xdiv ib C l g ll "' %bl (fi l5 

where {Junk — Terms) here stands for ageneric linear combination of complete 
contractions with at least r + 1 factors! 25 ! 

The claim of the "main algebraic Proposition" is that there exists a linear 
combination of acceptable (^+l)-tensor fields, say J2heH a hCg ' %1 (f2i, . . . 
with each Cg' h " Ali+1 (Cli, ...,fl p ) in the form (fODj) . so that: 



(1.21) 

. , rip) + (Junk — Terms), 



53 aiC^-^inx, . . . , Op) - Xdw Wl ^ ohC*'^-*"^ 1 (Or, . . . , n p ) 
= (Junk — Terms), 

(1.22) 

where the ( Junk — Terms) in the above stand for a linear combination of com- 
plete contractions with at least r + 1 factors. Here the symbol ( 8l --v) means 
that we are symmetrizing over the indices H , . . . , * M . 

We next highlight how (|1.22p can be used to prove () 1 . 1 2(1 when s > 0: 

The use of the "main algebraic Proposition" in deriving f|1.12|) 
(when s > 0): We present here the argument from section |4] in brief: 
Equation (fi~T2|) is proven by a new induction. Write out: 

P(g) W orst-piece = 53 aicontr 1 (V {mi) W ®- • -®V ( " v - s) W®V {pi) P®- • -®V (Ps) P). 

(1.23) 

24 This rather strange definition fits in with the conclusion of the super divergence formula- 
see section [2. 31 below. 

25 Whereas the terms in the LHS of the above each have r factors. 
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We assume that among the complete contractions in P(g) WO rst-pieejEl the min- 
imum number of internal contractions is (3 > 0. We denote by Lp C L the index 
set of complete contractions with (3 internal contractions. (Thus the complete 
contractions indexed in L\Lp will each have at least /3+1 internal contractions). 
We will then show in section Q] that there exists a divergence of a Riemannian 
vector field, diviT l (g), as allowed in the statement of Conjectured] such that: 

aicontr\^ (mi) W <g> • • • <g> V (m "- s) W ® V (pi) P <g> • • • ® V (Ps) P) = 

"*> (1.24) 
diviT l (g) + atcontr (g) + (Allowed), 
teT 

where the complete contractions indexed in T are in the form (|1.13[) with a 
factors in total, of which s are in the form V"P, and with (3 + 1 internal 
contractions in total. Furthermore (Allowed) stands for a generic linear com- 
bination of complete contractions that are allowed in the right hand side of 
Observe that if we can show then will follow by iteratively repeating 
this step at most \ timesl^l 

Mini-Outline of the proof of We recall that 

contr 1 (V {mi) W <g> • • • <g> V (m ""* ] W <g> V {pi+2) (j> <8> • • • ® V (Ps+2) 0) (1.25) 
stands for the complete contraction that arises from 

contr 1 (\7 {mi) W ® • • • ® V (m "- s) W ® V (pi) P ® • • • ® V (Ps) P) (1.26) 

by replacing each factor VriLr -fij by a factor v|" + ^y 0. We will denote by 
contr l (cj)) the complete contraction in the form ()1.25p : we will also denote by 
contr ((f>) the complete contraction: 

contr 1 [V {mi) R (g> • • • <g> V (m - s) P (g> V (pi+2) </> <8> • • • <g V (Ps+2) 0) (1.27) 

which arises from contr 1 (<f) by formally replacing each factor Vf7!..r m Wijki by 

a factor W r T.-r m Rijkl (possibly times a constant -but for the purposes of this 
introduction we will ignore this fact). Observe that the resulting tensor fields 
still have (3 internal contractions in total, and also have each function (f> differen- 
tiated at least twice. We will then prove in section [5] that the integral equation 



26 Recall that the complete contractions in P(g) WO rst— piece are all in the form (II. 1 3 | t with 
a factors in total, of which s > 1 are in the form V^ a 'P. 

27 In other words, the complete contractions indexed in (Allowed) are either complete con- 
tractions with more than a + 1 factors in total, or they arc complete contractions in the form 
11.131 with o factors in total, but strictly fewer than s factors V^ a 'P. 

28 This is because a complete contraction in the form 11.131 with weight — n can contain at 
most 2. internal contractions. 
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J M „ Ig(<ft)dVg — implies a new integral equation in the form: 
/ ( _1 )' 3 aicontr ((f>)+^2 a v contr v g ((f>) + (Junk~Terms)dV g = 0. (1.28) 

Here the complete contractions indexed in V are in the form (|1.27j) and have a 
factors and at least 0+1 internal contractions in totalis and each factor 
with bi > 2. Then, applying the super divergence formula^ we derive a local 
equation: 

a u Xdivi 1 . . . Xdivippcontr 11 ' 11 '" 1 ' 13 ((f)) + a v Xdiv{ 1 . . . XdiVi K Cg' H '" ibv ((f)) 
— (Junk — Terms), 

(1.29) 

where the tensor fields pcontr u ' ll ' ll3 ((f)), Cg ,^1 "' ^b, ' (cf>) arise from the complete 
contractions contr (cj)), contract)) by formally replacing each internal contrac- 
tion^]] by a free indexo Furthermore recall that b v > for each v G V. 

Now, applying the "main algebraic proposition" 15 . 2f 3 I to the above, we derive 
that there exists a linear combination of (0 + l)-tensor fields 



J2heH a hCg' (il '" i0)il3+1 (<t>) in the form fLUD so that: 



£ a u ^F"' (il - i/3) (0) = Xdiv i0+1 a h Cg' {ll --^ ]tfi+1 (eb) + (Junk-Term 3 ). 

ueU/3 h£H 

(1-30) 

Finally, we formally replace each factor Vr" ..r m R%jkl by a factor vl™ r m Wiju Fl 
and then make all the free indices into internal contractions Denote this 
formal operation by Weylify[. . .]. Then Weyhfy[J2 heH a h cf {ll - l ^ +1 ((/))} 
is the divergence diviT l (g) that is needed for (|1.24|) . 



29 (And none of these internal contractions involve two indices from among the indices j, j , ; 
in a factor V^ m ' Rijkl~ this detail is only relevant for the next sentence). 

30 See section [2751 below. 

31 Which by hypothesis will consist of two indices in the same factor contracting against 
each other-i.e. two indices in the form (V a , a ) 

32 I.e. in the notation of the previous footnote we erase the index V and we make the index 
a into a free index. 

33 We just set fit = ■ ■ • = fl p = 4>. 

34 (times a constant, which we ignore for these purposes) 

35 By this we mean that for each free index j which belongs to a factor T a ... c , we formally 
add a derivative V Ife onto the factor T a ... c and contract it against the index j. ; thus we obtain 
a factor V''T a ... c . 
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2 Conventions, Background, and the Super di- 
vergence formula from |IJ. 



2.1 Conventions and Remarks. 

We introduce some conventions that will be used throughout this series of pa- 
pers. Firstly, we recall two notions introduced in [1 : 

Definition 2.1 Given any (formal) linear combination ^2 leL diC and any sub- 
set L' C L, then the linear combination X)/eL' a 'C' will be called a sublinear 
combination of ^2icl a ^'(ff)3 

We also recall the notion of an "internal contraction" for any (complete or 
partial) contraction: 

Definition 2.2 Consider any complete or partial contraction C{T\, . . . , T a ), in- 
volving the tensors T\ , . . . , T a . Then an "internal contraction" is a pair of in- 
dices i, j that belong to the same factor and are contracting against each 
other in C {T\ , . . . , T a ) . 

Finally, as in [1] and [2] we define the "length" of a complete contraction to 
stand for the number of its factors. 
Now, a few minor conventions: 

Firstly, when we say that a local equation, say X^teT a *C* = ^2 v eY a y C v 
holds modulo terms of length > r + 1 , we will mean that there exists a linear 
combination of complete contractions with at least r + 1 factors, X)/eF a /^' 

such that J2teT a t Ct = J2 y eY a v CV + J2feF a f Cf - 

Secondly, when we write V^™), m will stand for the number of differentia- 
tions. When we write V m , m will stand for a raised index W\ 

Thirdly, we will often be referring to factors V 1 -- 7 ^ Rijki, V^Ricij and R (the 
third factor being the scalar curvature) in complete and partial contractions 
below. Whenever we write V^Rijki, we will be assuming that no two of 
the indices i, j,k,i are contracting against each other (unless stated otherwise). 
Also, in V^Ricij, no two of the indices i,j will be contracting against each 
other (unless stated otherwise). Moreover, for brevity we will not be explicitly 
writing out all the indices that belong to the different terms. For example, when 
we refer to factors V^Riju we have written out the four lower indices of the 
curvature tensor but not the covariant derivative indices. 

Furthermore, throughout this paper we will often write out complete con- 
tractions with two or more factors V^Rijki or V^Ricij. When we do so, and 
hence have the indices ijki or y appearing repeatedly as lower indices, we will 
not be assuming that these indices are contracting against each other. I.e. if 
we have a factor T = V^ m 'Rijki and X" = V^ m ^R%ju appearing in the same 
complete contraction, the indices ijki in T and ijki in T" are not assumed to 

3e In the introduction we spoke of a "piece" of X]igi a lC l , for simplicity. 
37 The reader should note that this convention was not adopted in [l] and [2]. 
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be contracting against each other. We only use this notation to avoid writing 
V^Rijki, V^Rvym', V {rn " ) Ri"o"k-l" etc. For each factor V^R ljk i the 
indices i,j,k,i will be called internal indices; for each factor S/^Ric a b the in- 
dices a ,b will be called internal indices. 

"Mini- Appendices": Throughout this series of papers, we will sometimes 
postpone the proof of certain claims; the reader will be referred to "Appendices" 
or "Mini- Appendices" further down in the paper. These Appendices often refer 
to very special cases of more general claims which require special proofs; the 
reader who is interested only in the broad ideas in these papers may wish to 
circumvent these sections. 

2.2 Background: Some useful formulas 

Standard formulas^\ The curvature tensor Rijki of a Riemannian manifold is 
given by the formula: 

[ViVj - \7jVi\Xi = Ri jk iX k . (2.1) 
Moreover, the Ricci tensor Ricik arises from Rijki by contracting the indices 

Ric lk = Ri jk ig jl . (2.2) 
The Schouten tensor is a trace-adjustement of Ricci curvature: 



1 r p ■ R 

\RlClj ; , 

n-2 l 2(n-l)' 

(Here Ricij stands for Ricci curvature and R stands for scalar curvature Rijkig lk g^ 1 )- 
We also recall the Weyl tensor: 

WijM = Rijki - [Pjkgii + PiWjk - Pjigik - Pikgji], (2.4) 

which is conformally invariant, i.e: 

W l]U (e 2 *g) = e 2 *W l3k i{g). (2.5) 
Furthermore, we recall the Cotton tensor: 

C ijk = VkPij ~ Vj-Pife, (2.6) 
which is related to the Weyl curvature in the following way: 

V'U',,;, (3 ,,)C, U . (2.7) 

The Ricci curvature transforms as follows: 



'Unless mentioned otherwise, these formulas come from pQ. 
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Ric ab (e 2 *g) = Ric ab (g) + (2-7i)vllU-&Hab + (n-2)(V a <f>V b <f>-V k <f>V k cl)g ab ), 

(2-8) 

While the Schouten tensor has the following transformation law: 

Pab(e 2 *g) = Pab(g) - vi 2 h V + v Q 0V b - iv fc 0V fc 5a6 . (2.9) 

The curvature tensor transforms: 
+ \V<l>\ 2 9a9jk - IV^pffifc^j]. 

(2.10) 

We also recall following transformation law for the Levi-Civita connection under 
general conformal transformations g%j(x) = e 2< ^gij(x): 

V fe 7?z(e 2 ^) = V*T»(ff) - V fe <^ - + V s <jn] s g k i. (2.11) 

Finally, on certain rare occasions we will be using the transformation law 
of the curvature tensor Rijki under variations of the metric gij by a symmetric 
2-tensor My : 

^\t=o{R t jki(gab + tv ab )} = ^[Vfv jk + vf,jvu - V^vjt - Vffvi k ] + Q(R,v), 

(2.12) 

where Q(R,v) stands for a quadratic expression involving the curvature tensor 
Rabcd and the 2-tensor v e f. 

2.3 The main consequence of the super divergence for- 
mula. 

In this subsection we codify a consequence of the super divergence formula, 
which was the main result in [T]; (We recall from the 10-page outline that this 
formula considers Riemannian operators L g (</>), depending both on the metric 
and auxiliary functions, whose integral over any closed manifold is always zero, 
and expresses them as divergences of explicitly constructed vector fields). Here 
we codify into a Lemma a main consequence of this formula, which is what we 
will mostly be using in this series of papers. 

We start with some notation: 

We will be considering complete contractions C l g (ipi . . . ,ipz) in the normal- 
ized form: 
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contr(V ai - at V {mi) R l]H <g> • • • ® V^ 1 - 6 " Ri>f k >i>® 

V C1 - C " V ipi) Ric tj ® • • • <g) V^-^V^Ria-j, <g> i? ® • • • ® fl® (2.13) 

where we are making the following notational conventions: In the factors 
V 01 "' 0t Vr7!..r m -Rij7rf (we are using this generic notation for the first s fac- 
tors) , each of the indices 01 , . . . , a * is contracting against one of the indices 
ri . . . , rm , i, j , k, i ■ Moreover, none of the indices ri . . . , Tm , j , j , 1 are contract- 
ing between themselves. 

For the next q factors (in the generic form V^'"' 2 " Vr?? ..r p Ricij), each of 
the indices Cl , . . . , c " is contracting against one of the indices ri , . . . , Tp , j, j and 
also none of the indices ri , . . . , rjJ , j, j are contracting between themselves. Each 
factor R is a scalar curvature term. 

Finally, for the last Z factors (which we denote by the generic notation 

V Wl '" Wy 'Vui...u a ip) we assume that each of the indices Wl , . . . , Wv is contracting 
against one of the indices Ul , . . . , Ua and none of the indices U1 , . . . , Ua are con- 
tracting between themselves. Note that any complete contraction in the form 
contr(V (m ^R <g> ■ • ■ ® V^-R <g> V (p Vi ® ■ • • ® V^'ty/,) can be expressed as a 
linear combination of contractions in the form (|2.13p . by just repeatedly apply- 
ing the curvature identity and the second Bianchi identity. 

Consider a set {C l g (ipi, • ■ ■ , V's)}ieL of normalized complete contractions, in- 
dexed in L. Let Lm C L stand for an index set of complete contractions 
C l g (ip u ...,ipz) with a total of q + p = M factors V Cl - c - V^ ) .. rp ffic u and R. We 
assume that for some M > 0, all index sets L s with s > M are empty. We then 
denote by C l g (ipi, . . . , ipz, f2 M ) the complete contraction that formally arises 
from each C l g (tpi, . . . , tpz), I £ Lm, by replacing each factor V Cl - c " vf^.. rp i?iCy 
by a factor — V Cl ' c " V^ + ^ p ,y 51 and each factor R by a factor — 2AS1. (17 will be 
a scalar function). 

(Thus C l g (tpi, . . . , ipz, & M ), I £ £m , is a complete contraction in the form: 
(-l) M 2 p contr(V ai - a *V (mi) i?y fe ; ® •• • ® V hl - 6 * Ri'fk'i'® 

yc 1 ...c. v (p 1 +2) fi . . . ^ ydi...d a y(p,+2) fi (g, AO <g> • • • <gi AO® (2.14) 

V 101 - 10 " V (Ql Vi 8> v xi - Xa V (az Vz)-) 

Definition 2.3 Consider any internal contraction in C g (ipi, . . . , i/^, M ), say 
C = ( a >o) (notice that a must necessarily be a derivative index). We then say 
that we replace the internal contraction £ by a free index if we erase the index 
a and make the index a into a free index. 

We thus obtain a 1-tensor held (C 1 )^ (V>i, • ■ • , ipz, M ) of weight — n + 1 
(the free index ^ is the index a above). The same formal definition can also 
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be applied to k internal contactions: If we pick out k internal contactions, say 
( ai , ai ),..., (a s , a s ) arid then erase the indices 0,1 , . . . , ak and make the indices 
Ql , . . . , ak into free indices ^ , . . . , i k we obtain a fc-tensor field 
(C l y g 1 - lk (ip 1 ,...,ipz,tt M ) of weight -n + k. 

This language convention (of making an internal contraction into a free in- 
dex) will be used throughout this series of papers. 

Definition 2.4 Now for each I G Lm, we denote by (C l ) g 1 ' tbl (ip%, . . . , ipz, Q M ) 
the tensor field that arises from C l g (ipi, . . . , ipz, ) by making all the internal 
contractions into free indices. We denote by 

Xdiv h . . . Xdiv ihi (C l ti" hl (0i, ... , ipz, M ) 

the sublinear combination in div^ . . . divi b[ (C l ) g 1 ' tb ' (ipx, . . . , ipz, & M ) that arises 
when each Vi u is allowed to hit any factor other than the one to which j u belongs. 

The main consequence of the super divergence formula: 

Lemma 2.1 Assume an integral equation: 



£ aiC l g (ip u . . . , ip z ) + a h C h g (^ u ip z )dV g = 0, (2.15) 
leL heH 

which is assumed to hold for every compact {M n ,g), and every ip%, . . . ,ipz £ 
C°°(M n ). Here the complete contractions indexed in L have length a and are 
in the normalized form h2.13\) . and the complete contractions indexed in H have 
length > a. We let M stand for the maximum number of factors V^ffic and 
R (in total) among the complete contractions C l g {. . .),l G L; let Lm C L be the 
index set of complete contractions with M factors Ric, R (in total). 
We claim: 

aii-lf'Xdivi, . . .Xdiv ibi {C l t" Ah (01,- ■ -,ipzM M ) = 0, (2.16) 

modulo complete contractions of length > a + 1 . 

Proof: We will show this claim in two steps. Initially, we show that for some 
linear combination YlheH' a hC g (ipi, . . . , ipz, Q M ) of complete contractions with 
length > a + 1 we have: 



/ 

Jm 



f a l C g (^ 1 ,...,iPz,n M )+ Y a h C' g l ^ ll ...,^z,^ M )dV g =0. (2.17) 

■ Jm " ieL M heH' 



Proof of \2.17\) : Let us denote the integrand of (|2.15|) by L g (ipi, . . . ,ipz). 
We consider any dimension N > n and denote by L g N(ipx, ... ,ipz) the re- 
writing of L g (0i, . . . , ipz) in dimension N. 
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Then, as shown in [T] (using the silly divergence formula) we derive that for 
any N > n, any (M N ,g) and any ipi, . . . ,ipz € C°°(M N ): 

[ L g N^x,...,^ z )dV g N = 0. (2.18) 

JM N 

Now, let Lf N (Vx, . . . , 1> a , n M ) := ^\ x=0 { e ( N -^*) L e2 >n MgN . . . , ^.)]. 
It follows from (|2~T5|) that: 

/ L 9 M (^,..,feO M )^=0. (2.19) 

Now, using p.lOp and p. lip and the transformation law for the volume form: 
dV e 2An(x) g = e Nxn ^ x 'dV g , it follows that we can re-express (|2.19|) as follows: 



n m / V ai c l gN w>i, . . . , fa, n M )dv gN 

Jm* £f 

leLh ' (2.20) 
+ Z%L N X / V a u C u g {^, ...,$ z , Q M )dV gN = 0, 
JmN ueu* 

where the summands C™ N (ipi , . . . , ipz , Q M ), u € U x are independent of the di- 
mension N. Also, each C™ N (ipi , . . . , ip s , Q M ), u G has at least a + 1 factors 
(possibly with factors fl without derivatives). Picking M N = M n x S 1 ■ ■ ■ x S 1 
with the product metric g N = g n + (dt 1 ) 2 + • • • + (dt n ) 2 we derive an integral 
equation in dimension n, where N is just a free variable: 



N 



M 



f V aiC l g (ip 1 ,...,ipz,ft M )dV g 



^ N X [ V a u Q(V>i, ...,i> z , n M )dV g = 0. 



(2.21) 



Therefore, viewing the above as a polynomial in N and restricting attention to 
the coefficient of N M we derive: 



/ Y, aiC l g (^,...,^ M )dV g + £ a u C^ 1 ,...,^ M )dV g = 0, 
jMn ieL M Jm " new 

(2.22) 

where each (-01 , . . . , ipz, ^ M ) has length > a + 1. This is exactly (|2~T7]) . 

Now, we denote the integrand in (|2.22[1 by L g (ipi, . . . , t/j^, ^ M ) and we apply 
the super divergence formula to L g (ipi, . . . , ipz, f2 M ). We focus on the sublinear 
combination supdiv+[L g (ijji, . . . , ipz, Q M )] in supdiv[L g (ipi, . . . , ipz, fl M )] that 
consists of complete contractions of length a and with no internal contractions. 
By virtue of the super divergence formula and Lemma 8 in pQ, we derive: 
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supdiv + [L g (ipi, . . - ,ipz,£l )] = 0, 



(2.23) 



modulo complete contractions of length > a + 1. 

On the other hand, by the algorithm for the super divergence formula in [T], 
we derive: 

supdiv + [L g (ij)i, . . . ,ip z ,n M )} 

= £ a l (-l) b 'Xdiv tl ...Xdiv lb[ (C l ) g 1 - lh ^ ll ...^ z ,n M ). ( 2 - 24 ) 
Combining the two above equations we derive (|2.16[) . □ 

3 From the super divergence formula for I g (4>) 
back to P(g): The two main claims of this se- 
ries of papers. 

Throughout this section, P(g) will be a Ricmannian scalar of weight — n with 
the feature that J M „ P(g)dV g is a global conformal invariant (see Definition 

ED - 

Let us begin by writing P(g) as a linear combination: 

where each complete contraction C l (g) is in the form: 

contr(V {mi) W <g> • • • ® V (ma) VT <g> V (pi) P <g) • • • <8> V M P). (3.2) 

Our next two Propositions flesh out the claims made in the first page of our 
"10-page outline" . We will define the "worst piece" in P(g) and claim that by 
subtracting a divergence and a local conformal invariant we can cancel it out 
modulo introducing "better" correction terms. The "worst piece" will consist of 
terms with a given number a of factors in total and a given number s of factors 
y(a)p ^ gee nex ^ paragraph). The two propositions correspond to the cases 
s > and s — 0. 

Consider P{g) as in (|3.1[) . Denote by a the minimum number of factors 
among the complete contractions indexed in L in (|3.ip . Denote by L a C L the 
index set of those complete contractions. Now, denote by 0. r C L the index set 
of complete contractions with r factors V' a 'P (and hence a — r factors V^W). 
We note that some of these sets may apriori be empty. 
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Proposition 3.1 Suppose that P{g) = J2ieL a zC'(#) is a linear combination of 
contractions in the form \3.2\) . and the minimum number of factors among the 
contractions C l (g) is a < ~. We assume that (for P(g)) the sets Q a , . . . , Q B +i 
are empty, where 1 < s < a, but O s is not empty. We claim that there is a 
Riemannian vector field T l (g) so that 

Vi&.cn&ig) - di Vl T l (g) = H reR C r {g), (3.3) 

where each C r {g) is either in the form $3.2\) with length a and fewer than s 
factors V^P, or it has length > a. 

Clearly, if we can show the above Proposition, then by iterative repetition 
we can derive that there is a vector field T l (g) so that P(g) — diviT l {g) = 
J2i£L' a iC l {g) + J2je.J a jC\g ), with each C l (g),l G L' in the form: 

contr(W {mi) W(g)---<S>W {m "' ) W), (3.4) 

while each C^{g) will have at least a + 1 factors. Thus, if we can show Propo- 
sition 13.11 we will be reduced to proving Theorem 11.21 in the case where all 
complete contractions in P(g) with a factors are in the form l|3.4p . 

Our next "main claim" applies precisely to that setting: 

Proposition 3.2 Consider any P(g), P(g) = Tli ( zi J a iC l {g) where each C l (g) 
has length > a, and each C l (g) of length a is in the form Jff.^l ). Denote by 
L a C L the index set of terms with length a . 

We claim that there is a local conformal invariant W(g) of weight —n and 
also a vector field T l {g) as in the statement of Theorem ] 1.21 so that: 

Y j aiC\g)-W{g)-div l T\g) = Q (3.5) 

modulo complete contractions of length > a + 1 . 

We observe that if we can show the above two propositions, then by iterative 
repetition our Theorem will follow, in view of [2]. 

Now, in the remainder of the present paper we will explain how to derive 
Proposition 13.11 in the case a > 3 assuming the "main algebraic Proposition" 
15.21 below. Proposition 13.21 in the case a > 3 will be proven in [4J [5] assuming 
another two "main algebraic Propositions" which are formulated in 4J. The 
cases a < 3 of Propositions 13.11 and 13.21 will be proven in [5] . The three "main 
algebraic propositions are then proven in [SI [Zl H] • 
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4 Proof of Proposition [3JJ in the easy case s = a. 



We will distinguish two cases: Either s — a or s < We will firstly show 
the claim when s = a. This proof is much easier than the case s < <r, but it 
will contain simple forms of certain arguments that will be used throughout this 
series of papers. It also is instructive, in the sense that it can illustrate how 
the super divergence formula applied to I g ((f>) can be used to understand the 
algebraic structure of P(g). 

Definition 4.1 If P(g) is in the form P(g) — J2ieL CL iC' l (g) then for any subset 
A C L, we will denote by P(g)\A = J2ieA ai ^ l (9)- 

Finally, for complete contractions C(g), C g (<j)) of weight —n, we define the 
operation Image^ as follows: 

Image%\C(g)\ = di\ x=0 {e nX ^C(e 2X ^)}, 

and 

Image%[C g {4>)] = di\^ {e nX ^ C e ^ x) g(x) {<f>)} . 
4.1 Proof of Proposition 13.11 when s = a. 

Our main tool will be to use the super divergence formula applied to I g {<f>) in 
order to show that the sublinear combination X^ee a sC s (g) in P{g) is equal 
to a divergence modulo "better" correction terms. 

Recall that I g {<j>) := e n ^P{e^g) -P(g) is the "image" of P(g) under confor- 
mal variations of the metric g; recall that I g (<t>) consists of the terms in I g (<fr) 
which have homogeneity a in the function <f>. 

We have two tools at our disposal: Firstly, the "super divergence formula" 
for I g (4>). Secondly, we will momentarily show how the "worst piece" in P(g) 
(i.e. the sublinear combination X)see a s C s {g)-see the discussion above Propo- 
sition [3H])) is in almost one-to-one corresponence with a particular sublinear 
combination in 1 ° (cj>). 

Let us flesh out the second remark: Observe that given the formula (|2. 13[) 
for P(g), I g {4>) can be explicitly computed by applying the identities (|2.5p . 
(|2.9|) and (|2. 1 1|) . With a simple observation we can derive much more precise 
information: 

Since Ii 7 ((f)) consists of terms of homogeneity a in <f> and the minimum number 
of factors in P(g) is a, we observe that the only complete contrqactions in P(g) 
which can give rise to a term with a factors in I g ((j)) are the ones indexed in 
6cr. In fact, we can derive more: For each s 6 CT we define Cg' L (4>) to stand for 
the complete contraction that arises from C s (g) by replacing each of the factors 
vill.raPij by -ViltXij^- Then formulas (|2^jl . (|2~5l) and ([2~TT|l imply that: 

F g {4>) = Z see „a s C s /(4>) + X keK a k C*(4>), (4.1) 

39 Observe that in the case s = a, all complete contractions in P(g)\& a contain only factors 

vWp. 
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where each Cg(ip) is a complete contraction in the form: 



contr(V (mi) Ri jk i ® • • • <g> ^ m) Rvj'm' ® V (pi) ffic afc <g> • • • <g) V^ffic^fg) 
fl a (g> V^ty »•••<» V (v 'ty), 

(4.2) 

with length > cr + 1 . 

Now, we are ready to prove our Proposition 13 . 1 1 in this case s = a. 

Mini- outline of the proof of Proposition \S.1\ when s — a: The proof relies 
strongly on the super divergence formula. We will show that this formula implies 
that modulo terms with length > a + 1 : 

where each vector field Cg ,l ((f>) ( l is the free index) if a partial contraction in 
the form: 

pcontr(y {ai) <j) <g> • • • <g> V (<i<t) 0), 
where each ai > 2. We will then show that the vector field T z (g) which formally 

arises from J2 r ^R a i-Cg'*(0) by replacing each factor __ t <f> by Vri~rl_ 2 -Fr»_ir 
satisfies the claim of Proposition 13.11 

Proof of Proposition^^ when s — a: We first consider the case where there 
is no complete contraction C s {g) with s £ Q a which contains a factor P\. That 
implies that there is no complete contraction Cg ,L (<f>) in (|4.ip with a factor 

Vr?...r p ^ = Ac/>. We will refer to this as the simplifying assumption. 

Proof of Proposition ] 3. 1\ (when s — a), under the simplifying assumption. 

We claim that there is a linear combination of vector-valued Riemannian 
differential operators in (f>, {Cg i (0)}ie/, each in the form: 

pcontr(\J {ui) (j)® ■ ■ ■ <S>W M (j)), (4-3) 

with one free index and fx, . . . , v„ > 2 so that modulo complete contractions of 
length > a + 1: 

E aee<r o,C|' 4 (^) - EiejOidi^qj'fa) = 0. (4.4) 

Proof of {4-4ty : Recall the algorithm for the super divergence formula from 
PQ. By Lemma 20 in pQ, we only need to restrict our attention to the good, 
hard and undecided descendants of each Cg' L ((f>), s G <d a - By Lemma 16 in pQ, 
these will all be ^-contractions Cg(4>,£) in the form: 

conir(V (l/1 " Ql) <g> • • • ® V ( "" _a " V <8> £*<g> • • • <g> |), (4.5) 
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where each factor £ contracts against a factor °^4>. Furthermore, since we 
have no factors A</> in any Cg ,L (4>), s £ it follows that each v — a > 2. If a 
^-contraction above has M factors £, we perform M — 1 integrations by parts. 
The correction terms that we introduce have length > a + 1. So, we indeed 
derive P~4")) . □ 

We then construct Riemannian vector fields C 1 ' 3 * (g) out of each Riemannian 

vector- valued differential operator C* Ji (</>) by substituting each factor vi^.. a „</> 

by a factor — vii...a„_ 2 P ai/ _ l0 „. We see that each divjfi^ (g) is a linear combi- 
nation: 

div n C^{g) = (-iy^ seS ,a s C s {g) 
of complete contractions in the form: 

contr{V {m '^P <g) ■ • ■ ® V (m - } P). 

Derivation of Provosition HOI fwif/i s = a) from j4-4]) : We use the fact that 
(|4.4p holds formally (see [T] for a definition of this notion)). We then repeat the 
sequence of permutations of indices by which we make the linearization of the 
left hand side of (|4.4[) formally zero to the linear combination: 

P(jg)\e.- divide** (g). 

It follows that we can also make the above formally equal also, modulo intro- 
ducing correction terms by virtue of the identities WiV jXi — VjVjX; = RijkiX k 
and V a P bc - V b Pac = ^33 V d W abdc . 

Observe that the correction terms that we obtain by virtue of the above 
identities are precisely in the form allowed by our Proposition 13.11 This con- 
cludes the proof of our claim in this case. □ 

Proof of Proposition \3.1\ ( when s = a) in the general case ( without the sim- 
plifying assumption). 

We now consider the case where the complete contractions C l (g), I € CT are 
allowed to contain factors P-. 

In this case we observe that if C l {g) contains A factors Pf, then C l g ' L ((f>) will 
contain A factors Atfi. Recall the super divergence formula for Ig((f>): 

^iee^iC l g L ^) = Y, keK a k div lk Cl k {<t>), (4.6) 

modulo complete contractions in the form ()4.2j) with length > a + 1 . 

The problem is, now, that there might be vector fields ,%k (<fi) which are in 
the form (|4.3[) with one free index and with a factor Vi<fi. Hence the procedure 
carried out for the previous simple case cannot be carried over to this case (be- 
cause we can not replace the factors V0, with only one derivative). 
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So, in this case, we claim the following: 

Lemma 4.1 Consider J4-6p . There is a subset of the vector fields {C g ,lk (4>)}keK , 
indexed in K*, {C g ' th ((p)}keK> > * n the form $4- Of]) , with the property that each 
C k g - lk {<t>), ke contains factors V®<f> with I > 2, so that: 

Thomas Watson 

modulo complete contractions of length > a + 1. 

Let us notice that if we can prove the above, we can then repeat the argu- 
ment from the previous case, by using (|4.7p . Hence, we will have proven our 
Proposition 13.11 (when s = a) in full generality. 

Proof of Lemma \4~l\ ' We will construct the set K* C K. 

We consider the set of good, hard or undecided descendants (see the last 
definition in subsection 5.1 in pQ for a description of these notions) of the com- 
plete contractions C l g ' L (<j>),l G Oct with £- length er, and proceed to integrate 
by parts as explained in the algorithm for the super divergence formula in pQ. 
We impose the restriction that any factor which contracts against a factor 
V</> will not be integrated by parts, provided there is another factor £j which 
does not contract against a factor V(j>. Furthermore, whenever along the iter- 
ative integration by parts we obtain a ^-contraction of ^-length a whose only 
factors £ contract against a factor V</>, we cross it out and index it in the set 
H . The ^-contractions that are not crossed out give rise to the divergences 
{a k div ik C g *(cf))} keKt . 

Thus, we derive the equation: 

Efce^W + Ejkext **^^ W + P °\E heH ^ C >^ = °> ( 4 - 8 ) 

which holds modulo complete contractions of length > a + 1 . By construction, 
each vector field C g k {(f)) has length a and is in the form (14. 3p with each i>i > 2. 
Therefore, it suffices to show: 

P °^E heH a hC^,i)]=Q, (4.9) 
modulo complete contractions of length > a+ 1. Hence it would suffice to show: 

£ fceH «fcC*(0>3=O, (4.10) 

modulo ^-contractions of ^-length > a+ 1. 

We do this as follows: Notice that in any ^-contraction C g (</>, £), h G H, the 

function (f> appears only in expressions Vi</>£ z , or in factors W^ a '(f> with a > 2. Let 
us consider the ^-contraction with the maximum number M of factors Vi0£\ 
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Suppose they are indexed in H M C H . Notice that M < a, otherwise we would 
have a — S (we see this by considering the weight). If we can show that: 

E^*^^ = (4 - U) 

modulo ^-contractions of ^-length > er + 1, then (|4.10[) will follow by induction. 
We write each ((/>,£) with h e H M as follows: 

^(^e) = <w-(v^) M . 

For any h € H M , we then define PO*[Cg(4>,£)] to stand for the sublinear 
combination in PO[Cg ((/>,£)] which arises as follows: We integrate by parts 
with respect to each factor ^ and then force each derivative V fe to hit a factor 
V|$..r> (a > 2) in C' h g {4>). We define 

po-[c h g {<t>M := PO\c h g {4>,i)] -po*[c%(4>,£)}. 

Notice that by definition, each complete contraction of length a in PO~ [C g (4>, £)] 
will have strictly fewer than M factors V0. 

We write out the super divergence formula as follows: 



I°{<p) + Z keKi a k dzv lk C^»(4) + V heH \ H Ma h PO[C h g {^£)] + 

_ (4-12) 
E heH Ma h {PO*[C^(4>,^} + PO-[C h g {cj>,i)]} = 0, 

modulo complete contractions of length > a + 1. 

Now, let us observe: Each complete contraction in (|4. 1 2[) that does not 
belong to H heH u ah{PO*[Cg (</i>,£)]} will have fewer than M factors V</>. This 
follows from the fact that M is the maximum number of factors V fe 0£fc among 
the ^-contractions Cg((f>, £), and since each complete contraction Cg''(</)), I G CT 
and each vector field Cg' tk (cf>) have only factors V^'ef), a > 2, by construction. 

We now claim that 

Z heH Ma h PO*[C g l (ct>,£)]=0, (4.13) 

modulo complete contractions of length > er + 1. This holds because (|4.12p holds 
formally, and since (|4.13[) is the sublinear combination in (|4.12j) of complete 
contractions of length a with M factors V</>. 
Now, (|4. 1 3[) also holds formally. Write out: 

Z heH Ma h PO*{C'g l (^0} = £ ieT a t C<(^), 
where each complete contraction C*(</>) is in the form: 



contriV^l^ <j> ® ■ • ■ ® Vt?ZtZ_ M $ ® ' ' ■ ® V «m0)- (4-14) 
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We observe that the linear combination E t6 TatCg(</>) arises from the linear com- 
bination T, heH MatC'g(4>) ■ (Vfc^l^)^ 7 by making each factor ^ into a derivative 
V fc , then allowing the derivative V fe to hit any of the factors V^V in C' g h (<f) 
and adding all the complete contractions we thus obtain. 

In particular, each factor Vfc</> in any Cg(4>) contracts against a factor V^ a V> 
a>3. 

Now, for each Cg(4>) let C*(0) stand for the complete contraction of weight 
— n+2M which arises from Cg(4>) by erasing each factor Vj</> and also erasing the 
index against which i contracts. Since (|4.13[) holds formally, it follows thatF"! 

^teratCl^) = 0. (4.15) 
But (|4~T5l) just tells us that: 

a h (a-M) M C' h g W = 0. 

heH M 

Therefore, we have shown (|4. . □ 

We have fully proven the Proposition 13.11 when s = a. □ 



5 Proposition [37T] in the hard case (where s < a). 
5.1 Technical Tools: 

Useful identities: Now, we will put down a few identities that will prove useful 
later on. 

Decomposition of the Weyl tensor: Recall the Weyl tensor Wijki, see (|2.4[) . 
Consider the tensor T = V' a i ■■■ r °* v[™'. rm W^ki where each index ra ° is con- 
tracting against the (derivative) index Ta , and all the other indices are free. 
We have then introduced the language convention that the tensor T has x in- 
ternal contractions. 

We will decompose the tensor T into a linear combination of tensors in the 
form V*-" 1 ' Rijki- By just applying formula (|2.4p we find: 

+ Yl a ^ z (9)+ E a * TZ (9), (5 - 1} 

where X^ez 5 = x + 1 a zT z (g) stands for a linear combination of tensor products of 
the form V roi " /r " :l V^.. rm Ric sq (8)g v i, in the same free indices as T, with the fea- 
ture that there are a total of x + 1 internal contractions in the tensor V^ m ' Ric sq 
(including the one in the tensor Ric a b — R l a n, itself). J2z£Z s =*+ 2 a zT z (g) stands 

40 A rigorous proof of this fact can be found in the Appendix below — see the operation 
Erase. 
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for a linear combination of tensor products of the form V ra i ■ ra ^ V™..r m R®gvb® 
ghj (R stands for the scalar curvature) in the same free indices as T, with the 
feature that there are a total of x + 2 internal contractions in the tensor V^R 
(including the two in the factor R = R st s t itself). If m > we will use the 
contracted second Bianchi identity to think of V ra i ■■■ ra * vi™!. rm i? as a factor 
2yr ai ...r ax r ax+1 y(m -l) _ 1 Ric 1 . m1 . a ^ modulo introducing quadratic correction 
terms. 

Next useful identity: We consider a factor T in the form 
T = V 1 "!---*"^ VrT^.r m W rm+irm+2rm+3rm+ll where again each of the indices Ta ^ is 
contracting against the index Ta ^ , and moreover now at least one of the indices 
*" a " is contracting against one of the internal indices rm+1 , . . . , r m+4 - We then 
calculate: 



v r °i--- r »*v^ rm w r , 

+ ]T a z T z (g)+ £ a * T ^), 

(5.2) 

where YLzez s=x + 1 a zT z {g) stands for the same generic linear combination as 
before. X)zez ,5 = x a zT z {g) only appears in the case where there are two indices 
ra b ^ r ac con t r acting against two internal indices in W^u (and moreover the in- 
dices r ab ,r ac do not belong to the same block ^-j, [ fe ;j). ^, z€Z s=x a zT z {g) stands 
for a linear combination of tensors V 1 *" 1 ' "^-i W^ m ^Ric a b with x internal con- 
tractions (also counting the internal contraction in the factor Ric a b itself) , and 
with the extra feature that one of the indices r °i , . . . , ra *-i is contracting against 
one of the internal indices a , (, in Ric a b- 

The "fake" second Bianchi identities for the derivatives of the Weyl 
tensor: We recall that the Weyl tensor Wijki is antisymmetric in the indices 
i,j and k,U and also Wijki = Wuuj- It also satisfies the first Bianchi identity. 
Nevertheless, it does not satisfy the second Bianchi identity. We now present 
certain substitutes for the second Bianchi identity: 

Firstly, if the indices r ,i,j,k,l are all free then: 

V r Wyfc! + VjWriH + ViWjrkl = ^(V s I^ srty ® g), (5.3) 

where the symbol ^2(V s W sr t y ® g) stands for a linear combination of a tensor 
product of the three-tensor V s W sq t y (i.e. essentially the Cotton tensor) with 
an un-contracted metric tensor. The exact form of J2(V s W sqt y <8> g) is not 
important for our study so we do not write it down. 

On the other hand, if the indices i,j,h,l are free we then have: 

V' a Wi jkl + ^|v5W aifcI + ^^VtWjM - g) + ]T Q{R), (5.4) 



n - 3, 

n - 2 



i+ii" m +2r m +3r m +4 
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where the symbol Yl(W,g) stands for a linear combination of tensor products: 
V tk Wiakb €5 g c d {g c d is an un-contracted metric tensor- note that there are two 
internal contractions in the factor V Wijki) and the symbol J2Q(R) stands 
for some linear combination of quadratic expressions in the curvature tensor. 
Again the exact form of these expressions is not important so we do not write 
them down. 

On the other hand, if the indices r ,i,j,i are free then: 

V fc V r W 4jfei + V fc V 3 W nkl + V k ViW jrkl = J2 Q( R )- ( 5 - 5 ) 

Furthermore, we have that the analogue of the second Bianchi identity clearly 
holds if both the index r and one of the indices i, j are involved in an internal 
contraction: 

V H V r W ijU + V^jWriM + V ri ViW jrkl = Q( R )- ( 5 - 6 ) 
Lastly, we also note the identity: 

A\7 k W ljkl + ^ rk W irkl + Vl k W rjkl = Q{R)- (5-7) 
Let us also recall the identity: 

V a P bc - VbPac = -^-r V d W abcd . (5.8) 
n — 6 

These identities will be useful in the context of the next formal constructions. 

The operations "Weylify" and "Riccify": These two operations are 
formal operations that act on complete contractions in the forms (|5.9|) . (I5.14| 
and produce complete contractions in the forms (|5.10|) . (|5. 15|) . respectively. 
We will show two important technical Lemmas concerning these two formal 
operations, Lemmas 15.11 and 15.21 

For the first construction, we will be considering complete and partial con- 
tractions (with no internal contractions) in the form: 

co?itr(V (mi) Rijki®- ■ ■<g>V (ros) i? ii «<g)V (pi) V><8>- • 'OV^VoVv®- • -®Vv) (5.9) 

(v is a scalar) with the following restrictions: In each complete contraction 
and vector field there are a > factors Vv (a is fixed) and q factors V^ P V (l 
also fixed). We require that none of the factors Vf are contracting between 
themselves and none of them contains a free index. Furthermore, we require 
that for any factor V^tp which is not contracting against a factor Vt>, p > 2. 

Definition 5.1 We consider a collection of complete contractions, {C l g (ip q , v a )}i^L 
and a collection of such vector fields {Cg ,l (ip q , v a )} r ^u in the form i5.9\) . As- 
sume that the complete contractions and vector fields above all have a given 
length r + a. 
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We define an operation Weylify[. . .] that acts on the contractions and vector 
fields above by performing the following operations: Each factor Vr™..r m Rijkl 
that is not contracting against a factor V 'v is replaced by a factor V^}. rrn Wijki- 
Also, each factor Vri^.rpV' that is not contracting against against any factor Vv 
is replaced by a factor vi P 1 . 2 J p _ 2 P rp _ irp . 

Now, any factor T — Vi^}.r m Rr m+1 r m+2 r m +3r m+i that is contracting against 
s > factors Vv, with the restriction that all these s factors Vv are contracting 
against derivative indices will be replaced as follows: Suppose it is the indices 
r a , . . . , that are contracting against the factors Vv. Then, we replace T by 

V i x V ri ... r?Il VV r m+1 r m+2 r m+3 r m+ 4 • 

On the other hand, if there are internal indices also contracting against fac- 
tors Vv, we replace T by ^| V r "i - r »« W m ■ Now, each factor v{$..i>V> 
with p > 2 that is contracting against w factors Vv ( say the indices r ai . . . r aui ) 
is replaced by V Tai '" ra "'Vi P 1 . 2 J p _ 2 P rp _ irp . Finally, every expression ViipV l v is 
replaced by a factor P® . In the end, we also erase all the factors Vv ( they were 
left uncontracted) . 

Thus, by acting on the complete contractions and vector fields in the form 
(|5.9[) with the operation Weylify[. . .], we obtain complete contractions and 
vector fields of length r in the form: 



contr{V fl - f y V [mi) W im ® • • • <g> V Ul - u " V ( ™ s) W vyvv 

yoi...a tl V ("i)p y . ® • • • ® V Cl - Ct = V^Pyj, (8) PI <g> • • • ® Pi), 



(5.10) 



where we are making the following conventions: In each factor V^ 1 —f y Vr™!.r m Wijki 
each of the the indices , . . . , ' v contracts against one of the indices ri , . . . , i, 
while no two of the indices ri , . . . , i contract between themselves. On the other 

(u) 

hand, for each factor V yi " yt V ai ...a u Pij, each of the upper indices Vl , . . . , Vt con- 
tracts against one of the indices 0l , . . . , au , j, j. Moreover, none of the indices 
0l , . . . , au , i, j contract between themselves. 

Definition 5.2 Consider any complete contraction (or tensor field) of the form 
i5.10\) , with the properties described above. We will let 5\y stand for the number 
of internal contractions in all the factors V^Wijki, and the number Sp to stand 
for the number of internal contractions among all the factors V^Pij. 

We see that for a contraction or vector field C g (ip q , v a ) in the form (|5.9p . the 
complete contraction or vector field Weylify[C g (ip q , v a )} will have length r and 
a total of q factors in the form V^P, and Sw +Sp = a. This operation extends 
to linear combinations of contractions. One last definition prior to stating our 
Lemma: 



Definition 5.3 For any vector field C l g in the form i5.9\) . XdiviC l g will stand 
for the sublinear combination in diViC g where V \ is not allowed to hit the factor 
to which the free index i belongs, nor any of the factors Vv. 
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Now, our claim regarding the operation Weylify is the following: 



Lemma 5.1 Assume an equation: 

aiC l g (iJj q ,v a ) - Xdivi a r C r /(^,v a ) = 0, (5.11) 

leL r£B. 

that holds modulo complete contractions of length > r + a + 1 . Here the con- 
tractions and tensor fields are in the form i f 5. 9\) with length r + a. We claim: 



J2 aiWeylify[C l g (r, v a )} - div % ]T a r Weylify[C r /(r, v a )\ 

(5.12) 

= ^ a dC d {g) + Y, a dC d (g), 

d^D 1 deD 2 

where each C d (g) is in the form H5.10\) (with length t) and moreover if d S D 1 
then C d (g) has less than q factors V^P, while if d € D 2 then C d (g) has q 
factors V^P but also Sw + 5p > a + 1. This equation holds modulo complete 
contractions of length > r + 1 . 

Proof: We will use the fact that (|5.1ip holds formally to repeat the formal 
applications of identities that make the LHS of (|5.1ip formally zero to the LHS 
of (|5.12[) ; the RHS of (|5.12[) will then arise as correction terms in this process. 
Now, we first observe that it would be sufficient to show that 

Weylify{YaiC l g (i>\v a ) - Xdiv i YarC r g ' i (<iP q ,v a )} (5.13) 

l£L r£R 

is equal to the right hand side of (|5.12p . That this is sufficient is clear because 
the contraction that arises in each 

di Vl Weylify[C r g \^,v a )] 

when V z hits the factor to which j belongs is clearly in the form C d (g), d G D 2 , 
and moreover because for each r G R 

Weylify{Xdiv % C r g \^\v a )} = Xdi Vl Weylify{C r g \iP\v a )}, 

modulo contractions of length > r + 1 . 

Next, we use the fact that (|5.1ip holds exactly (with no correction terms) at 
the linearized level (i.e. if we replace each complete contraction C g (ip q ,v a ) by 
UnC g (tp q , u°))0 We "memorize" the sequence of permutations of indices (and 
applications of the distributive rule) by which we can make the linearization of 
(|5.1ip formally zero. We may then repeat the same sequence of permutations 
to the left hand side of (|5.13p . to make it vanish, modulo introducing correction 
terms, as follows: 



41 See the introduction of [T] for a definition of linearization. 
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1. We introduce correction terms of length > r + 1 by virtue of (|2.ip when 
we permute derivative indices in a factor ^7^ m 'Wijki or when we permute 
the first p — 2 derivative indices in a factor V(P~ 2 >iV 

2. We introduce correction terms of the form J2<igd 2 a dC d {g) by virtue of 
(15 .3(1 when we apply the "fake" second Bianchi identity to the indices 
r m ,i,j in a factor Vr7!..r m Wijki with no internal contractions involving 
internal indices. 

3. We introduce correction terms of length > t or of the form J2deD 2 a dC d {g), 
by virtue of the identities (|5.4[) . (|5.7p when we apply the "fake" second 
Bianchi identity to the indices r m ,i,j in a factor Vr7!..r m Wijki with one 
or two internal contractions respectively. 

4. We introduce correction terms of the form ^ deD i adC d (g) from the right 
hand side of (|5.8[) when we want to switch the indices Tm _ 2 , Tm _ 1 in a factor 
v (p) p 

That completes the proof of our claim. □ 

The operation Riccify: We now define the operation Riccify that acts on 
complete contractions C(fl q , ip s , v a ) and vector fields C^fi 9 , ip s ,v a ) in the form: 

f S < ^ ( 5 - 14 ) 

v lPi) rj <g> • • • ® v (P9, o ® Vu <g> • • • <g> Vu) 

with length r + a (and with a factors Vt>), where both the s factors V^VVi and 
the q factors V (p) fi are subject to the same restrictions as for the factors V^tp 
in the contractions in the form (|5.9[) . In particular: In each complete contraction 
and vector field in the above form there are a > factors Vu (a is fixed) and 
q factors V^ip (q also fixed). Also, none of the factors Vu are contracting 
between themselves and none of them contains a free index. Also, we require 
that any factor V^fi or V^ip which is not contracting against a factor Vi> 
must have p > 2. Moreover, we assume that the complete contractions and 
vector fields above all have a fixed length r + a. 

Definition 5.4 We define an operation Riccify[. . .] that acts on complete and 
partial contractions in the form l{5.14\ ) as follows: We replace each factor 
VrT^-r m Rr m+1 r m+2 r m+3 r m+4 for which the indices r ai i ■ ■ ■ ■> r a are contracting against 

factors Vf by a factor V Tai ''' rad Vr™}.r m Rr m+1 r m+2 r m+3 r m+4 We also replace each 
factor Q, (p > 2) for which the indices rai , . . . , Ta ^ are contracting against 

factors Vi> by a factor '^I r ' 11 "' rad V t ^...r p _ 2 Ric rp _ irp . Then, we replace all expres- 
sions Vif2V l v by a factor ^R. Finally, we replace each factor Wri...r a ^h (for 
which the indices r Vl , . . . r Vr are contracting against factors \7v ) by an expres- 
sion V 1 *" 1 ' " r " c Wri...r a iph- I n the end we also erase all the factors Vu (they have 
been left uncontracted) . 
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Thus acting by the operation Riccify on complete and partial contractions 
in the form (|5 . 14[) we obtain complete and partial contractions in the form: 



contr(V fl - f "\7 (mi) R t3k i <g> • • • ® V" 1 -"' V {mt) Rijkl ® V Vx ~ v * V (ai) Vi 

® ... <8 v 9l -«»V ( ° 8) V s ® V Q1 - Qt i V (ui) ffic 4i <g> • • • ® v Cl - Ct ' V^fficy). 

(5.15) 

Definition 5.5 for contractions in the form \5.15\) we define 8r to stand for 
the total number of internal contractions in the factors V^Rijki and 5m c to 
stand for the total number of internal contractions in the factors V^iZic (in- 
cluding the one in the factors Ric themselves) and also 8^, to stand for the total 
number of internal contractions in the factors S/^ip. 

(Note: In the future we will sometimes denote this operation Riccify by QtoRic). 

Note: In (|5.14[) , we may have s — 0. Furthermore, we recall from Definition 
15.31 that if C g is a vector field in the form (|5.14[) then Xdivi will stand for the 
sublincar combination in diviC g where Vj is not allowed to hit the factor to 
which the free index j belongs, nor any of the factors Vf. 

Our Lemma is then the following: 

Lemma 5.2 Assume an equation: 

aiC l g {tt\ r, v a ) - Xdivi 2 a r C r /(n q , ^, v a ) = 0, (5.16) 

l£L r£R 

which holds modulo complete contractions of length > r + a + 1 . 
We claim: 



a l Riccify[C l g (Q' ! , cb s ,v a )} - div t £ a r Riccify[C r /(Q,^ ^,v a ) 

leL r£R 

= E °dC*W)+ E a d c d g m. 



(5.17) 



deD 1 d€D 2 



where each C g {(f) s ) is in the form H5.15]) (with length t) and moreover if d € D 1 
we will have that C g {4> s ) has less than q factors V^Ric but will also have 
8r + 8ri c + S^p > a, while if d € D 2 then C g (<j) s ) has q factors V^'Ric but also 
8r + 8 Ri c + Si/; > a + 1 . This equation holds modulo complete contractions of 
length > t + 1 . 

Proof: The proof is an easier version of the proof of the previous Lemma. 
We use the fact that (|5.16[) holds formally and we repeat the applications of the 
formal identities and the distributive rule that make (|5.16l) formally zero to the 
LHS of (I5T71) . 

Now, in (|5.17[) . we use the identity V^i? = 2\7 k RiCik (R here is the scalar 
curvature) once if needed, and we may assume that all the complete contractions 
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in the LHS of (|5.17p have any factors V^Ric (i.e. factors involving the Ricci 
curvature) being in the form V^ 1 '"^ 6 V$... r Ric a b (where each of the indices 
•fr , . . . , ^ b is contracting against one of the indices ri , . . . , r , a , b, and none of 
the lower indices are contracting between themselves), or in the form R (scalar 
curvature) . 

Furthermore, when we repeat the permutations by which the LHS of (|5.16p 
is made formally zero to the LHS of (|5.17p . we may assume wlog that the 
upper indices in each factor V^ 1 ^^ri...r p Ric a b are not permuted (since they 
correspond to factors Vw in the LHS of (|5.16[) ). 

Therefore, the RHS in (|5.17|) can arise either when the divergence index Vi 
in diviRiccify[Cg ,l (£l q ,ip s ,v a )] hits the factor to which i belongs, or by virtue 
of the identity: 

V a Ric bc - V b Ric ac = V d R a bcd 

(where by the observation above the indices a ,b, c will not be contracting against 
each other). □ 

5.2 Proof of Proposition 13. 11 when s < a: Reduction to an 
inductive statement. 

In the rest of this section we will explain how to derive Proposition 13.11 in the 
case where a > 3. The cases a = 1,<t = 2 will be covered in the paper [5] in 
this series. 

Recall (see the discussion above Definition 15. 2| that we are assuming that 
for P(g), O s ^ and Oh = for each h > s. We write P{g)\e B as a linear 
combination: 

P(9)\e. =]>>C<( 5 ) (5.18) 
(modulo longer complete contractions), where each C l (g) is of the form: 

contr{V h - f ^^ ] r Wiju <8 • • ■ ® V' 1 ™ a 'V$" f) t W V fwv 

1 mi 1 m/ (5.19) 

® v^-'^vtL,^ ® •• • ® v^-^vfc^p^ ® (? a f), 

with the usual conventions: In each factor V^ 1 '"^" Vr7!..r m Wyjw each of the the 
raised indices ' x , . . . , f y contracts against one of the indices ri) . . . , while no two 
of the indices ri , . . . , ; contract between themselves. On the other hand, in each 
factor V* 1 '" 2 " Vi"... 0u Pjj, each of the raised indices 3/1 , . . . , Vt contracts against 
one of the indices Ql , . . . , 0u , Moreover, none of the indices ai , . . . , 0u , j, j 
contract between themselves. We call such complete contractions W- normalized. 

By virtue of the curvature identity it is clear that modulo introducing cor- 
rection terms of length > a + 1, we can write P(g)\e g as a linear combination 
of ^-normalized complete contractions C l (g). 
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Definition 5.6 Now, for each complete contraction C l (g) in the form \5.19]) . 
we defined Syy to stand for the number of internal contractions among the fac- 
tors V( m 'Wijki' We defined Sp to stand for the number of internal contractions 
among the factors V^Pjj plus the number K of factors P£ . In order to dis- 
tinguish these numbers among the various complete contractions C l (g), I G L, 
we will write 5w(l),5p(l). We also define 5(1) = 6w(l) + 5p(l) (sometimes we 
will write 5 instead of 5(1) ). This notation trivially extends to vector fields in 
the form \5.19\l with one free index. 

Furthermore, in the cases s = a — 1 and a — 2 we will introduce an extra 
piece of notation purely for technical reasons: 

Special definition: If s = cr — 2 then P(g)\s, lS "good" if the only com- 
plete contraction in P(g)\&, with a — 2 factors P° is of the form (Const) ■ 
A &-<r-2 V U W .. kl g V ir Wy'*> ® (PaY~ 2 ) (when a < § - 1) or (Const) ■ 
contr(V l Wi 3k i®V v W tjkl ' ®(P*) a - 2 ) when a = f-1. If s = a-1, then PJo)|e 3 
is "good" if all complete contractions in P(g)\e s have 5w + 5p = § — ll 42 l 

We will prove in the paper [5] in this series the following Lemma: 

Lemma 5.3 There exists a divergence diViT % (g) so that 

P(g)\e s -div i r(g) = £ ai C l (g) + £ a t C%). 

zee' s ter 

.Here each C t (g) is in the form \5.19]) and has fewer than s factors \7^P. The 
complete contractions indexed in 0' s are in the form i5.19\) with s factors V^P 
and moreover this linear combination is good. 

Lemma [5.3l will be proven in [5] , by explicitly constructing the divergence diViT l (g). 
(There is no recourse to the "main algebraic Proposition"). Therefore, for the 
rest of this section when s = a — 1 or s = a — 2 we will be assuming that P(g) |e s 
is good. 

We consider /i = mini & p5(l) (recall that L is the index set on the right hand 
side of (|5.18|) . We denote by C L to be the set for which I e if and only 
if 5(1) — (j,. We claim the following: 

Proposition 5.1 Under the assumptions of Provosition HOI (and assuming the 
Lemma \5. fflF^l we claim that there is a linear combination T l (g) = X^rei?, a rC r ' l (g), 
where each C r ' l (g) is in the form i 5.19\) with length a, weight — n + 1 and 5 = [i, 
so that modulo complete contractions of length > a + 1 : 

a t C l (g) - dm a r C r ' l (g) = £ a u C u (g) + ]T a x C*(g), (5.20) 

lEL^ r£R. uEU x£X 

42 In other words, if there are complete contractions in P(g)|e s with &yy + <5p < || — 1 then 
P(g)\e s is "good" if no complete contractions in P(</)|e s have a — 2 factors P™. 

43 Recall in particular the definition of the index set G s , and that we have written out 
P(9)\& s = ^2ieL C (fl) (modulo longer complete contractions); recall also that if s = a — 1 or 
s = cr — 2 then P(g)\@ s is assumed to be good. 
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where each C u (g) is in the form UTWj) with s factors V (p) P and S = fj, + 1. 
Each C x (g) is in the form l5A§\) with s - 1 factors V^P. 

The remainder of this paper is devoted to proving the above (subject to 
the "main algebraic Proposition" I5.2[) . For now, we note that Proposition 15.21 
implies Proposition 13. 1[ by iterative repetition: After a finite number of appli- 
cations of the above, we will be left with correction terms that are of the form 
^2xex a x ■ ■ ■ ■ This is because we are dealing with complete contractions of a 
fixed weight — n, thus there can be at most § internal contractions in any such 
complete contraction. 

Proof of Proposition [5711 

We firstly wish to understand explicitly how the terms of length a in I s (ip) 
arise from P(g)|e s . Then, we reduce Proposition 15. II to the Lemmas 15. 4[ 15.51 

We consider I s g {ip)(:= ^|f=o[e*'"^ P(e*^ 'g) - P(g)]). It follows straightor- 
wardly from the transformation law of the Schouten tensor that: 



F g (^) = (-l) s ai C l g {^) + (Junk), (5.21) 

where each C l g (i(;) arises from C (g) (which is in the form (|5.19p ) by replacing 
i factor \ 

forr 



each factor V Q1 - Qt V^.. tp Py by V ai ~ 0i V^^jip. Explicitly, it will be in the 



contr(\7 ai - at V {mi) W ljkl $ • • • <g> V hl - K V {m "- s) W v rkn , 

® v ui -^v (pi+2) V' ® •• • ® v Vx ~ Vm v (Ps+2) vO, 

and will have 5w + S^p > fi (8^ here stands for the total number of inter- 
nal contractions among the factors V^tp). (Junk) stands for a generic linear 
combination of terms with at least a+ 1 factors in the form V^P, V^ a V- Fur- 
thermore, J M „ I g (ip)dV g — 0; hence we may apply the super divergence formula 
to this integral equation. Now, for convenience, we polarize the function tp and 
thus we will be considering I g (ipi, . . . ,ip s ). 

We will now re- write I g (ip) as a linear combination of complete contractions 
involving curvature, rather than Weyl, tensors: 

By decomposing the Weyl tensor as in (12. 4p and applying the curvature and 
Bianchi identities, we re-write I g (ipx, . . . ,ip s ) as a linear combination: 

i s g (ip x , . . . , = a >>c b g (^, . . . , vg, (5.23) 

beB 

where each C h q (ip\, ...,ip s ) is in the form: 
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contr{V h - f yV {mi) R ijU <g> • • • <g> V 9l ~ ff! > V {m ^R ijk i 

<g> V vl ~ v ™V {dl) Rica ® • • • <g> V Xl " x »V (d ^ Ricij <g> (5.24) 

V ai - a 'iV (ui Vi ® • • • <8 V cl - Cts V (Us V s ), 

with the usual conventions: In each factor y^ 1 "^ y S7i" 1 }.r m Rijkh each of the 
the indices f 1 ,...,** contracts against one of the indices ri , while no 
two of the indices ri , . . . , ; contract between themselves. On the other hand, 
for each factor V yi ' at vi"^.. a „V'/ii each of the upper indices Vl , . . . , Vt contracts 
against one of the indices ai , . . . , au . Moreover, none of the indices ai , . . . , Qu 
contract between themselves. For the factors y x i--- x P y^ t Ric^, we impose 
the condition that each of the indices Xl , . . . , Xp must contract against one of 
the indices tl , . . . , tu , j, 3 ;. Moreover, we impose the restriction that none of the 
indices a , ■ ■ ■ , t„ , % , j contract between themselves (this assumption can be made 
by virtue of the contracted second Bianchi identity) . 

Definition 5.7 A contraction in the form \5.21$ with all the features described 
above, and with the additional requirement that each factor V ai ' " a * V^ u 'iph has 
t + u > 2 (i.e. iph is differentiated at least twice) will be called normal. 

For any complete contraction in the form l[5.24\ ), Sr will stand for the number 
of internal contractions in factors V^R^ki- Sm c will stand for the number 
of internal contractions in factors V^ffiCy, where we also count the internal 
contraction in Ricij = R k ikj , plus 2a, where a stands for the number of factors 
R (scalar curvature). Lastly, 5^ will stand for the total number of internal 
contractions in the factors of the form V ai " a ' V^Vv 

By the formula (|5.22p , we see that the sublinear combination of length a in 
Ig{tpi, . . . , f/'s) consists of complete contractions with at least two derivatives on 
each function iph. 

Let us now understand more concretely how a given term in the form (|5.22| 
gives rise to terms of the form (|5.24p . We first introduce some definitions: 

Definition 5.8 For each complete contraction C g (ip), I £ L^, let us denote by 
C l g ' L (ijj) the complete contraction (times a constant) that arises from C g (ip) by 
replacing the factors V^Wijki according to the following rule: If V^Wijki 
does not have an internal contraction involving one of the indices i,j,k,h we 
replace it by V*- m ) Rijki- If it has at least one internal contraction involving one 
of the indices i,j,k,i, we replace it by ^EfV™* 1 Rijkl- 

Observe that by construction, if C l {g) has Sw + Sp = b, then C g ' L {ipi, . . . , if) s ) 
has 8r + 8$ = b, and no factors "V^Ric or R. 

In particular, C l g ' L (ipi, . . . , ip s ) will be in the form: 
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(Const) ■ contr(V ai - at V {mi) R uk i <g> ■ ■ ■ <8> V hl - K V { - m "-' ) Ri^-kn- 

(5 25) 

® v" 1 -"* v (pi+2) Vi ® ■ • ■ ® v yi - a -v (Ps+2) v>s)- 

Definition 5.9 Consider any C (ipi, . . . , ip a ) in the form {5.2$ with a factors. 
IfC l g (ipi, . . . , -0s) ft.as g = and 6 = (i it will be called a target. IfCAipi, . . . ,tjj s ) 
has q = and 5 > fi, it will be called a contributor. 

If C g (ipx, . . . ,tp s ) has q > and 6 > /i we call it 1- cumber some. We call 
C l g (ipi, . . . ,ip s ) 2-cumbersome if it has q > and 5 = /i and the feature that 
ip) 

each factor ^ ai ' at V ri ... rp RiCij has t > and the index j is contracting against 
one of the indices ai , . . . , at . 

Finally, when we say C l g (ipi, . . . , i/> s ) is "cumbersome", we will mean it is 
either 1-cumbersome or 2-cumbersome. 

We make the convention that when Ylj^j a iCg(V'i) ■ ■ ■ >0s)> 
E/eF a fC/j (^li ■ ■ ■ i V's) appear on i/ie ng/rf /land sides of equations below, they 
will stand for generic linear combinations of contributors and cumbersome com- 
plete contractions, respectively. 

Then using the decomposition of the Weyl curvature (|2.4p . we explicitly 
write each C l g (ipi, . . . , ip s ) as a linear combination of terms in the above forms: 

For each Z £ L M , it follows that: 

JGJ (5.26) 

feF 

while for each Z G L \ L M : 



C<(^, . . . , Vs) = 5>iCg(^, . . . > s ) + £ a f Cftyi, . . . , (5.27) 
j'eJ /eF 

where each C^(ipi, . . . , -0 S ) has Ofl+^+OFic > (and hence is 1-cumbersome). 
This follows since C l g (tpi, . . . , S ), I E L\L^ has <5jy + <5p > fi + 1. 

Remark: We observe that for each complete contration C^(tpi, . . . , ip s ) in 
the RHSs of (|5.26[) . (|5.27p with a > factors R (of the scalar curvature) will 
respectively satisfy S > /x + 2a, <5 > /x + l + 2a. This is because a factor R in the 
RHS can only arise from an (undifferentiated) factor Wijki in the LHS of (|5.26|) . 
(|5.27[) : thus a factor with no internal contractions in the LHS gives rise to a fac- 
tor R — R ab a b with two internal contractions. (This remark will be useful in [5])- 

In view of the form (|5 . 22[) where each complete contraction has 8w + Sp > u, 
we derive that: 
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/ 9 s (Vi, .. . = E a i c Y^ ■ ■ ■ > w + E • • • , <m 

^ , (5.28) 



here is the same index set as in Proposition 15.11 The linear combinations 
■ ■ ■ ;E/eF • ■ ■ are generic linear combinations of contributors and cum- 
bersome complete contractions (see definition [531). {Junk) stands for a generic 
linear combination of terms with at least £7 + 1 factors in total. 

Now, for the next Lemma, we will let Z g (ipi, ...,ip s ) stand for any linear 
combination in the form above, where X^gl ■ ■ • is the same linear combina- 
tion as in Ig{ipi, ■ ■ ■ j ips), while X/eF • ■ ■ > EjeJ •••■> (Junk) are allowed to be 
generic linear combinations of the forms described above. In these generic lin- 
ear combinations Z g {ip\, . . . , ip s ) we will still be assuming that Z g (ipi, . . . , ip s ) is 
symmetric in the functions ipi, . . . , ip s . 

We partition the index set F into subsets: We let / 6 F q ' z if and only if 
C^(ifji, . . . , ip s ) has q factors of the form V ai '"°*V^iZic or R and also has 
5r + Sn.ic + &0 = z. We also define F q = {J z> ^F qz . One last language con- 
vention before stating our claims: We will say that the index set F q (or more 
generally F) is bad if there are complete contractions Cj(V>i, . .. ,ip s ), f 6 F q 
with at least a — 2 factors in the form Aiph or R (scalar curvature). 

The main Claims: 

Lemma 5.4 Consider any Z g (ipi, . . . ,tp s ), written out as a linear combination 
in the form H5.28\) . Assume that J Mn Z g (ipi, . . . 1 Tp (T )dV g — for every (M n ,g) 
and every function ipi = • • • = ty„ = tp € C°°(M n )\ I Assume also that for a 
given q\ > 0, F q — for every q > q\. Moreover, we assume that for a given 
z\ > t 1 F qi ' z = for every z < Z\. We make different claims for the two cases 
z\ > [i and Z\ = /i. 

If zi > [i and F qi is not badf^ we claim that there is a linear combination 
of vector fields, J2heHn- z i a hC g {^i, ■ ■ . , ip s ) where each C g ,l (i>i, . . . , -0s) is in 
the form \5.2J$ with length a , q + a = q\ , 5r + Sm c + 8^ = z\ and with one free 
index, so that: 



term heH ^ (52Q) 

ses ter 



44 This is just a re-statement of the fact that Z g (i(>i, . . . , i/> CT ) is symmetric in the functions 
V>1, • • • ,il>a- 



4o 



Sec the language convention above. 



42 



where each Cg(ipi , . . . ,tp s ) is in the form \5.24\ ), has length a and is not bad, and 
has q + a = q\ — 1, 8r + Sbic + a = z\. On the other hand, each C*(V>i, . . . ,ip s ) 
is of the form |5. 24]) with length a and q + a — q\ factors V^Ric or R, 
Sr + o~mc + &ip — z i + 1 • The above holds modulo complete contractions of length 
> a. 

In the case where Z\= [i and F qi is not bad, we claim that there is a linear 
combination of vector fields YlheHn-*! a hCg' l (ifi, ■ ■ ■ , ip s ), where each 
Cg ,l (ijji, ■ ■ ■ jV's) is in the form \5.2tf) with lengtha, q+a = q\, Su+Sjuc+S^p = /i 
and with one free index, so that: 



afC f g {^i,...,ip s )-divi a h C^' i {ij}i,...,tp s ) = 

f^ Sl hen^ (53Q) 

^a t C*(V>i, ■ ■ 
teT 

where each Ot(ipi, . . . ,ip a ) is in the form ^5.24\ l (not bad) with length a and 
q + a = qi factors V^Ric or R, S = fi + 1. The above holds modulo complete 
contractions of length > a . 

Claim 2: Consider J*(^i, . . . , V's), in the form \5. 28]) . and suppose F is bad. 
We claim that there is a linear combination of vector fields, 
J2heH"i a hCg' % tyu ■ ■ ■ > tps) where each C^ l (ipi, ...,ip s ) is in the form \5.24]) 
with length a, q + a = qi, and with one free index, so that: 



Y afCf(ipi,...,ip a )-diVi Y a^C^Oi,...,^) = 

(531) 

where each of the complete contractions Cg(ipi, . . . ,ips) is of the form \5.24ty 
with length a and q + a < q% and S > fj, + 1, and is not bad. The above holds 
modulo complete contractions of length > a. 

Note: Claim 2 will be proven in [5]. 



Observe that the Lemma 15.41 implies that there is a linear combination of 
vector fields J2h&H a hCg ' l (tpi, ■ ■ ■ , i/) a ), where each Cg- l (^i, . . . , ip s ) is a partial 
contraction of length a in the form (15.24|) and with one free index, so that: 



Y o/C/(V'i,---,V' a ) - di^ Y a hCg' i {^i,---,^ s ) =^ajCj(V>i,...,^ s ). 
feF hen jej 

(5.32) 

Here the first sublinear combination is not generic, but stands for the sublincar 
combination in (|5.28|) . The above holds modulo complete contractions of length 
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> u. Therefore, assuming we can prove Lemma IST41 we can then apply it to the 
integral equation J M „ I g (tpi, ■ ■ ■ , ip s )dV g = (recall that I g (ipi, ■ ■ ■ , ip s ) is in the 
form Q5.28p ). to derive a new integral equation: 



53 OiC^^i, . . . , ip s )+Y, ojCg^i, . . • , W + 53 «cC 9 C (^i, • • • , V.)^ = 0, 

(5.33) 

which holds for every (M n , g) and every tpi = ■ ■ ■ = ip a = ip € C°°(M™) (recall 
that our complete contractions are assumed to be symmetric in the functions 
tpi, . . . , ipg), where the complete contractions have length > a + 1 and the 
complete contractions C l g , C J g are as described below equation (|5.28p ff| 

Our next Lemma will then apply to the new integral equation (|5.33[) . In 
order to state it, we will need one extra definition: 

Definition 5.10 For each complete contraction C g {<p) or vector field Cl((p) in 
the form \5.2J$ , with no factors V^Ric or R and with 5 = /J (in other words 
there are /i internal contractions and all of them involve a derivative index), we 
denote by Cg (<p)X7i 1 v . . . Vj u, C g n '" 1 ^ (<f>)Vi 1 v . . .Vi^v, the complete con- 
traction or vector field that arises from it by replacing each internal contraction 
(V a , a ) by an expression (XJ a v, „)r 7 \ 

Lemma 5.5 Assume an equation: 

53 ai cY^h, ■ ■ ■ , *Ps) +53 "Abb.* ■ ■ ■ . v-.) 

oe.j (5 34) 

+ J2a<C^ 1 ,...,ij s )dV g = 0, 

which holds for every compact (M n ,g) and every tpi, ...,ip s S C°°{M n ), and 
where each CJj has length > a + 1. W^e £/ien claim that there is a linear 
combination of normalized vector fields J2deD a dC g ' z (ipi, ■ ■ ■ , ipg), where each 
C g ' l (ipi, . . . ,ip g ) is in the form ^5.24\ ) with no factors X/^Ric or R and with 
5 = ji, so that: 



53 aiC l ^ i ^{ipu...>ip s )V il v...V^v 
- 53 adXdiViCf^-^ {iPi,..., ip s )V h v . . . Vi„t; = 0, 
modulo complete contractions of length > a + /i + 1 . 



(5.35) 



46 In particular, the linear combination JZigz, a lC l g ' l (ipi, . . . , tp s ) is the same linear combi- 
nation that appears in Proposition I5.ll while the linear combination X/j'eJ 1 *-* ' s a g en eric 
linear combination of complete contractions as explained below equation 1 15. 281 1. 

47 We thus obtain complete contractions and vector fields of length a + [i. 
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Let us check how Proposition 15. II follows from Lemma [5751 

Just observe that Lemma [5.11 and (|5 .35[) imply that the vector field T l := 

Weylify[J2deD a d^Pv^'g' t (.^i^ ■ ■ ■ iVO] fulfils the requirements of Proposition 

O 

Thus, if we can show Lemmas 15.41 15.51 Proposition 13.11 will follow. 
5.3 The main algebraic Proposition. 

The Proposition that we state in this section will imply Lemmas 15.41 and 15.51 

In order to state and prove the main algebraic proposition we will need some 
more terminology. We will be considering tensor fields C* 1 "" <a (f2i, . . . , fi p ) of 
length a (with no internal contractions) in the form: 



pcontr(V {mi) Rijki ® •• • ® V (ms) R ljk i ® V (bl) ^i ® • • • ® V^ft p ); (5.36) 

here a = s+p and ^ , . . . , i a are the free indices. Such a complete contraction will 
be called acceptable if each bi > 2. Recall the operation Xdiv from Definition 
IQ1 

Proposition 5.2 Consider two linear combinations of acceptable tensor fields 
in the form &5.36\) . 

53 ,„("„">■■■'■■ (n X) . . . , n p ), 53 ate 1 / 1 - 10 ' (fi lf . . . , Q p ), 

leL% ieL 2 

where each C^ ll '" ia above has length a > 3 and a given number a% = a — p 

of factors in the form V^iiyfe;. Assume that for each I £ i 2 ; A > a + 1. 
Assume that modulo complete contractions of length > a + 1; 



2 y aiXdiv n . . . Xdiv l[h C g ' (fii, . . . , = 0. 

We claim that there is a linear combination of acceptable (a + 1) -tensor fields 
in the form \5.30fl . J2 r eR ar ^9' 11 ■ ■ ■ >^p)j toii/i length a so tha\$\ 



53 ojCj-^-^^ni, . . . ,ft p ) = 53 a r Xdiv ia+x C r a ' {il --- ia)ia ^{^ ■ ■ ■ , fy), 
ieii re/?. 

(5.38) 

modulo terms of length > a + 1 . 

4s Recall that given a /3-tensor field r ilr, '' a,,,i i 3 , r(n-*c«)-V> stan d s for a new tensor field 
that arises from T ll ''"' io ''"' l P by symmetrizing over the indices 11 , . . . , ' a . 
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Note: Observe that the conclusion (|5.38[) of this Proposition is equivalent to 
the equation: 

ieL t 

which holds modulo complete contractions of length > a + a + 1. (Recall that 
Xdivi a+1 [. . . ] in the RHS of the above stands for the sublinear combination of 
terms in divi a+1 [. . . ] where the derivative V ,Q+1 is not allowed to hit the factor 
to which the free index i a+1 nor any of the factors Vu). 

In the next subsection we show how the main algebraic proposition 15.21 implies 
Lemmas 15 .41 15.51 and hence also Proposition 13.11 

5.4 Lemmas 15.41 and 15.51 follow from Proposition 15.21 

We first check that Lemma 15.51 indeed follows from Proposition 15.21 

Our starting point will be to apply the super divergence formula to the 
integral equation (|5.34[) . 

Definition 5.11 For each I G and each j € J , we denote by Cg '" lfl (ipi, . . . , ip s ), 

Cfg mj (ipx, . . . , ij) s ) the tensor fields that arise from C l g ,c (tpi, . . . , ip s ), 
C|(^i, . . . itpa), respectively, by making all the internal contractions into free 
indices (recall the definition \2.3\ ). 

The super divergence formula applied to (|5.34|) gives the local equation: 
(-1)" aiXdiv n . . . Xdiv^C l g ^-^ (Vi, . • • , + 

(5-40) 

aji-ir^XdiVi, . . . Xdiv im . CTg 1 -^ (Vi, . . . ,i> s ) = 0, 

jeJ 

which holds modulo complete contractions of length > a + 1 . 

Clearly, each of the complete contractions C l ' u , has factors V' 1 '^/, with 
b > 2. Therefore, each of the tensor fields in (|5.40[) has factors \7^iph with c > 1, 
and moreover the factors Viph can only arise from factors Aiph by replacing 
by S7 a ip h (a is a free index). 

For each C 1 ' 1 , appearing in (|5.5[) let |A|(Z), A|(j) stand for the number 
of factors Atph- We define |A|mox to stand for max f & L^je.j\A\{f). 

We observe that if |A|Ma:r = 0, then Lemma [5.51 follows by just applying 
Proposition 15.21 to (|5.40|) . In the case |A|Max > we cannot directly apply 



(5.39) 
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Proposition [52] to (|5.40[) due to the presence of factors Viph among certain ten- 
sor fields in (|5.40|) . We will treat the case |A|jvfaa; > further down. 

Lemma \5.4\ follows from Provosition \5. l 2\ (general discussion) : (Refer to the 
notation of Lemma l2.ip . We apply Lemma l2~Tl to the equation J M „ Z g (ipi, . . . , ip a )dV g 
(see the hypothesis of Lemma I5.4[) and deduce that modulo complete contrac- 
tions of length > fj + 1 : 

J2 a } Xdiv ix .. .Xdiv isei C f g ' il - i ^(i/j 1 ,...,^ s ,n^)+ 

(5.41) 

o f xdiv ll ...xdiv lz c f / i -^(ip 1 ,...,ij s ,n qi ) = o. 

z>zi f£F qitZ 

We now define |A|(/) for each complete contraction in Lemma [5.41 to 
stand for the number of factors Atph or Ail. (Observe that by construction a 
factor Afl can only arise in C^ 1 (tpi, . . . , tp s , ^ 9l ) by replacing some fac- 
tor R in Cg ,il "' i * 1 {ipi,...,ip s ) by -2Afi). We define \A\ Ma x to stand for 
max feF -,i.^ z > Zl \A\(f). We write |A| M aa; = M, for short. 

Lemma [53] in the case where | A| Max = can be shown by applying Proposi- 
tion [5J2] and the operation Riccify to (|5.41[) . The details of this will be provided 
below, in the cases where M := |A|A/ a a; > 0. That proof, if we set M = ap- 
plies to show how Lemma 15.41 follows from (|5.41[) . in the both the case z\ = fi 
and z\ > /i. 

Proof of Lemmas 15.41 and 15.51 We now consider equations (|5.40[) and 
(|5.41[) where |A| Maa . > 0. Our strategy will then be to reduce ourselves to 
the case where |A|Max = by a downward induction on |A|jvf aa; (see be- 
low) . In this general situation, we will not show Lemmas 15.41 and 15.51 all in 
one piece, but rather we will distinguish cases. We distinguish three cases: Ei- 
ther |A|MaK = o~ — 1 or it is a — 2 or it is < a — 3. Here we consider only the 
case |A|Maa: < c — 3. The cases |A|jvf Q a; = <t — 1, |A|Maa; = f — 2 will be treated 
in [5J. (For reference purposes, we codify the claim of Lemmas 15.41 15.51 when 
|A|jw oa; = a — 1, |A|mok = f — 2 in the end of this subsection.) 

Proof of Lemmas \5.4\ and \5.5\ in the case M = |A|jWaa: < c — 3. 

Outline: We will claim the equations 1(532)1 . ((535)) . ((534]) . ((535)) . ((535)) 
below, and will show how Lemmas 15.41 and 1 5 . 51 will follow from these four equa- 
tions. We then prove these four equations (using Proposition [572]) . 

Lemma 1 5. 51 In (|5.40|) , we let , K = 1, . . . , M to the index set of the 
complete contractions C l g ' L with K factors Aiph- Accordingly, we let J K , K = 
1 . . . , M be the index set of complete contractions C g with K factors A?/v 

Consider (j5.40p . We claim that there exists a linear combination of vector 
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fields, J2vev M a vCg' l {ipi, ■ ■ ■ , tps), with each C v g ,% in the form (|5.24[) with length 
a, S = fi and with no factors V^Ric or R, but with M factors Atph, so thatF^l 

53 a l C^ h --- i »& 1 ,...,Tp s )V il v...V ill v = [Xdiv i 2 ^C^l 11 - 4 -^,...,^) 

iei^ «ev M 

(5.42) 

where each Cg il "' i> ' (tpi, . . . , ip s ) on the RHS is a partial contraction in the form 
(|5.24p (with /i free indices) with no factors V&'Ric, R, with 8 = fi but M — 1 
factors Aiph- 

If we can prove the above, then we will be reduced to proving Lemma [5.51 
under the extra assumption that for every C l g ,L in (|5.34[) will have at most M — 1 
factors Aiph. 

In this setting, we define S m i n (M) to stand for the minimum number of 
internal contractions among the complete contractions C 3 ,j E Jm in (|5.34|) . 
By definition, S m i n (M) > fi + 1. We then claim that there exists a linear 
combination of vector fields, V\, cH -a/ ahC%> l (ibi, . . . ,ib s ), where each 

f m.n( M ) 

is in the form (|5.24[) with length a, S — S m i n (M) and with no factors \7^ p 'Ric 
or R but with M factors Aiph> so that: 



53 a j (?g %1 '" tSmin ™ (ip 1 ,...,ip a )V il v... V i{m . n(M ^ 
-Xdivi 53 a 'i C 'fl i:l|hl "^ ml " <M> (V , i I ---,V' s )Vi 1 u...V i5miii(Af) 'L> (-543) 

= 53 a rCs' ll "'^ m " 1<M> (V ; l,---,'0 S )Vi 1 U...V ii5miri(M) U, 



where each Cg 11 " 45mi ™ (M) (<0 1; , . . ) ^, s ) i s a partial contraction in the form (|5.24j) 
(with fj, free indices) and with Sr = S m i n (M) and M — 1 factors Aiph- 

Observe that (|5.42[) . (|5.43[) . imply Lemma [531 Iteratively applying them we 
reduce ourselves to proving Lemma 15.51 under the additional assumption that 
each C l ' L has no factors Atph, and also each & has no factors Aiph- In that 
case we have already shown how Lemma 15.51 directly follows from Proposition 

EH 



Lemma \ 5.4\ We make analogous claims regarding Lemma 15.41 Consider 
(|5.4ip . We denote by F^' z , K = 1, . . . , M the index set of complete contractions 
with K factors Aiph or AQ. We initially consider the sublinear combination 

49 Note: We will be writing Tlp^[. . . ] instead of ilp„[. . . ] to avoid confusion 
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indexed in F^' Zl . We then make two different claims, for the two cases Z\ = fi 
and z\ > fi. If Z\ > fi, then for some complete contraction C£, f £ F^'* 1 , 
we may have factors R (of the scalar curvature); if z\ = // there can be no 
such factors (by definition). We further subdivide FjJ'* 1 into subsets FjJ'* 1 , 
a = 0, . . . , M, where / £ F^j' 21 if and only if has a factors R (and hence 
M — a factors At/)). 

We claim that for each of the index sets F^'* 1 there is a linear combination of 
vector fields, YlreR n '* 1 ^^g^i^ii ■ ■ ■ jV's) where each C r ' 1 is in the form (|5.24[) 

and has q\ — a factors V^ffic, S = Z\ and a factors R and M — a factors Aiph, 
so that modulo complete contractions of length > a + 1: 



51 a f C g(i>l,--->i 1 s)-diVi Y a rCg\^l, ■ ■ ■ ,1ps) = 

Y a d C g rf (^i,...,V s )+ Y a d C d g ^ u ...^ s )+ Yl a d C d (^,...,^ s ), 

deDi cieDa de-D 3 

(5.44) 

where each C d , d £ D 1 has gi factors V' p 'i2ic and M factors A-0/j and S = z\ + l. 
Each C d , d £ Z? 2 has qi — 1 factors V^Ric and M factors Ai/>i and <5 = zi. Fi- 
nally, each C d , d £ D% has gi factors V^Ric and M — l factors and S = Z\. 

In the case where z\ — fj,, we have noted that no C*, / £ F^' M has a 
factor i?. We then claim that there is a linear combination of vector fields, 
J2ter a tC g ' l (ipi, ■ ■ ■ , ips) in the form (|5.24p with qi factors V&'Ric and with 
6 = z\ = fj, and with M factors Aiph, so that modulo complete contractions of 
length > a + 1 : 



Y afC^tpt, . . . ,ip s ) - diViY^/i^i, ■ ■ ■ ,^ s ) = 

1 M (5.45) 
Y ^C d (^, ...,i> s )+Y adC^x, fa), 

d£Di deD 3 

where the complete contractions on the right hand side are as in the notation 
under ([5.440 . 

Assuming (for a moment) ()5.44|) . (|5.45|) . we are reduced to proving Lemma 
15.41 under the additional assumption that F^J' Z1 = 0. In that setting, we define 
Zmin(M) to stand for the minimum z for which F^' 2 0. By our hypothesis, 
Zmin(M) > z% = /i. On the other hand, some contractions Cj, / £ F*^ ,Zm,n ( M ~) t 
might have factors R (of the scalar curvature). We further subdivide p^' Zmm ^ M ^ 
into subsets Fj^'*, a = 0, . . . , M, where / £ F^' 2 if and only if has a factors 
R and M — a factors Aip. 
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We claim that for each of the index sets i^'^"* , there is a linear com- 
bination of vector fields, ^ D n^ m i n ( M ) a rC 7 a ' l (ipi, . . . , tp s ) where each C r,% is in 

the form (|5.24|) and has 8 — z m i n (M) and a factors R and M — a factors Aijjh, 
so that modulo complete contractions of length > a + 1; 

Y a f C^(ifj 1 ,...,ifj s )-div l ^2 a rCg' l (ipi,...,ip s ) = 

J t - r M,a ' tJ1 M,a 

X a d C d (^ 1 ,...,^ s ) + a d C d g {^,...^ s )+ «^(^,...,V S ). 

dG£>i deD 2 deD :i 

(5.46) 

In the above, each C , d e D\ is a complete contraction with 6 = z m i n (M) + 1 
and all the other features being the same as the contractions C* indexed in Fjfe 
(in particular they have 5 = z m i n ). Each C d , d 6 D2 is a complete contraction 
with q = qi — 1 and all the other features being the same as the contractions 
indexed in Fj£ (in particular they have 5 = z min ). Finally, each C d , d G D 3 is a 
complete contraction with a total of M — 1 factors R or A?/^ , and all the other 
features being the same as the contractions C' indexed in (in particular 
they have S = z min ). 

We remark that (|5.46|) implies that modulo complete contractions of length 
> (7 + 1: 

M 

Y a f C g t (if) 1 ,...,ip s )-div i Y J Y a r C r /(ip ll ...^ s ) = 
Y a d C d ^ u ...^ s ) + E a d C d (^j u ...^ s )+ "dC* (^,..., <p s ). 

dG-Di deD 2 deD 3 

(5.47) 

Th terms in the RHS of the above have the same properties as the terms in the 
RHSofdEH]). 

Thus, in order to derive Lemma \5. 51 we need to show (|5.42[) , (|5.43|) , and to 
derve Lemma l5.4l we need to show (lQ4l) . (|5T45|) . ([5T6| . 

Proof of equations and |5.^3| ). 

Our aim is to apply Proposition 15.21 to equation (|5.40[) . Since (|5.11[) is 
symmetric in the functions ipi, . . . , tp s , we can just set tpi = . . . ip s = tp and we 
lose no information. For notational convenience, we will still write ip\ , . . . , ip s 
but the functions ipi,.-.,ip B will in fact all be equal to ip. Now, by factoring 
out the factors Aip we write: 
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E C^(^m+i,---,V' s )A^i...A^ m + ^ ^(^m+i,...> s )AV'i---A^ 

ieL M j&Jm 



M- 



(5.48) 



In view of (|5.40p . we claim: 

aiXdiv h . . . Xdiv^_ M Cf^- l -- M (tPm+i, • ■ • , ips) + 
^ ajXdiVi! . . . Xdiv im ,_ M C J g 1 mj M (-0M+1, ■ ■ • , V's) = 0, 



(5.49) 



modulo complete contractions of length > a — M+1. (|5.49|) follows by focusing 
on the sublinear combination in (|5.40jl that has M factors Vipi, . . . , VipM {notice 
that this sublinear combination vanishes separately and all Viph 's are contracting 
against derivative indices), and the formally erasing the factors Viph and the 
(derivative) indices against which they contract. This produces a new true 
equation|23 which is precisely (|5.49|) . 

We now directly apply Proposition 15.21 to (|5.49| £3 (since by the hypothesis 



that |A|jvf aa; < a — 3 the real length of the tensor fields in (|5.49|1 is > 3). In the 
case where L^f ^ 0, we deduce that there is a linear combination of acceptable 
fj, — M + 1-tensor fields, 

E h eH a hCg' ll - l »- M+1 (ipM + u ■ ■ ■,*), so that: 



ieLM 



Therefore, since the above holds formally we observe that the linear combi- 
nation of vector fields needed for (|5.42ll is precisely 

[c h til ...i*-M + i . . . ; ^ s)ViiW . . . Vi v] 

■V^vV hl ^i . . .V kM vV hu ^ M - 



We prove (|5.43|) by a very similar argument. We again use the notation 

M 



(I5.48p . only now = 0. We claim 



50 This fact can be rigorously checked by applying the operation Erase-see the Appendix 
below. 

51 After first re-writing 115.491 1 in dimension n — 2M. 
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^ t ajXdivi 1 . . . Xdivi s ^^^ M) _ M 

iGJ M 

S min.( M ) 

^ ^ ajXdiv il ...Xdiv im ._ M Cfg 1 m& ™™- M (ip M+u . . . , <tp s ) = 0, 

S>S min (M) j&j" 

(5.52) 

modulo complete contractions of length > cr — M + 1. This again follows by fo- 
cusing on the sublinear combination in (|5.40[) that has M factors V-0i , ■ ■ • , VipM 
(notice this sublinear combination vanishes separately) and then applying the 
eraser to V-0i , • ■ ■ , VipM ■ 

We now apply Proposition 15.21 to (|5.52| . We deduce that there is a linear 

combination of acceptable (S m i n (M)— M+l)-tensor fields, J2heH a hCg '** '"' lSmin(M) ~ M+1 . 
so that: 



^2 aiCg lln "' l5mm(M) M (ip M +i, ■ ■ .,ip s )VhV. ■ . V i5m . n(M) _ M f - ^2 a h 
leLff heH 

(5.53) 

Therefore, since the above holds formally, we derive that the linear combi- 
nation of vector fields needed for (|5.43|) is precisely: 

E h,i\...i s . (MJ-M + l/ , , \V7 V7 

a h C g mm {i> M+1 ,...,i; s )Vi 1 v...Vi Sm . n(m _ M v 

heH (5.54) 

v fci uV fcl Vi...v fc «uV fcM V'M. 

The proof of (ZJ® , (54^ , {ggf : 

We start with ()5.44p and ()5.46|) . We will prove (|5.46|) : this proof applies to 
show ()5.44j) by just setting z m i n (M) = z\. We begin by noting an equation 
analogous to (|5.48[) : Let ct\ > be the smallest value of a for which each 

-^Ma'" "^ M ^ with a > ct\ is empty. We will then show (|5.46[) for a = aj.. 
Clearly, if we can prove this, then (|5.46|) follows for every a, by induction. We 
observe that each of the other complete contractions appearing in the equation 
of Lemma [5.4I must either have less than M factors Aiph,R (in total), or will 
have M such factors in total but less than o>i factors R. This just follows from 
the definition of M and a\. 

Again, using the fact that the complete contractions are symmetric in the 
functions tpx, . . . , ip a , we may assume with no loss of generality that these func- 
tions are all equal to ip. We factor out the factors Aiph, R to write out: 
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J tr M, ai J t - r M,c» 1 

fd p91^min( M ) 

+ Yl E a / C g / (V'M-a 1 + l,...,V' S )}-i? Ql AV'l...AV'M-a 1 . 

(5.55) 

We now claim that modulo complete contractions of length > a — M — a+ 1: 



Xdivi 1 . . . XdiVi^^^ M ^_ M 

^- Ql ) + Mt; n ...X^_ M ^ £ a/ C/'* 1 - i - M (V'A/-a 1 +i, 

...,^,o 9i - ai ) = o. 

(5.56) 

This follows by picking out the terms in (|5.41|) with at\ factors Vfi, M — 
a factors Vi/> (this sublinear combination must vanish separately) and then 
formally erasing these factors and the indices against which they contract o 

We may now apply Proposition ^. 21 to (|5.56p . We derive that there is a linear 
combination of (z m i n (M) — M + l)-tensor helds, J2zez a zCg' n '" lzm * n(M)_M+1 
(written in dimension — n + 2M), as stated in Proposition 15. 2\ so that modulo 
complete contractions of length > a — M + z min (M) + 1: 



a f C f g ' ll - l — <M) - M (^M- ai+ i, ■ ■ .As,^-^)V il v...V i 

Xdiv^ in(M) _ M+l Y a tCg il '' 4 ' m ^ M) - M+1 ('>pM-a 1+ l, ■ ■ ■ , Vs,n 9l - Ql ) 



tST 

Vi 1 u...V i , m . n(M) _ M v = 0. 

(5.57) 

We act on the above equation with the operation Riccify. Observe that: 



52 A rigorous proof that this formal operation produces a true equation can be derived by 
virtue of the operation Erase-see the Appendix below. 
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^ afRiccify[Cg' ll '" lZmin(M> M (ipM- ai +u ■ ■ ■ , ips, ^)V ll w 



J tr M.oi 



(5.58) 



Thus, by virtue of the above equation and Lemma l5.2[ we see that the vector 
field required for equations (j5.44[) . (|5.46|) is precisely: 

53 a t m ca f y [cl' 11 - 1 — (M) - M+1 (^M-a 1+ i, • • • , n qi - ai ) 

t£T (5.59) 

Vi 1 V...V immtn(it) _ M v] ■ R ai A^ . .. A^-M-ax- 

Prw/ o/ TO ): 

The proof in this case is very slightly different from the proof of (|5.44|) . 

(EM}. 

We recall that for each / 6 F^'^, C^(tpi, . . . , tfj s ) must have M factors 
Aifth (i.e. there are no factors R, by definition) and will furthermore contain 

(%>) 

factors V ai '" at Vr 1 ...r p Ric a b and for each such factor one of the indices ni , . . . , a * 
is contracting against the index & (this implies that for each such factor we have 
t > 0). With no loss of generality, we assume that the index ai is contracting 
against the index Thus, applying the contracted second Bianchi identity, 
we may replace the factor V ai ~ at V$... rp Ric ab by a factor |V a2 - 0t V^.^ a i?, 
modulo introducing complete contractions with more that a factors. Moreover, 
as in the previous case we set ipi,-..,ip a = V'i although we will still write 
ipx, . . . ,ij} s for notational convenience. 

We pick out the complete contractions indexed in U z >u F qi ' z that have 
exactly M factors A^ft. By our notational conventions, they will be indexed in 
{j z>ll Fm'o- We again write out: 

53 a / C/(V>i,...,V s )+ 5Z a/C£(^i,...,V.) = 
(J) 91 51 a/C 9 / (VM+i,...,V' s )AV'i...A^M ( 560) 
+ afCg(ipM+i,---,^ s )Atp 1 ...AipM, 

where each Cf(ipM+i, ■ ■ ■ , ip a )t f & F^'* 1 * s now m * ne f° rm: 
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contr(V h - f yV (mi) R i]k i <g> • • • <g> V 3l - 3 "V^R m 

g yyi—Vw v£^. 0<Ji Ji ® • •• ® V'^-^V^J J?® (5.61) 

v ai - a *i V (ui) V>i ® • • • V Cl - c * s v (Us V s ), 

while each C^(tpM+i, ■ ■ ■ ,ipa)i / S -^m'o > z > M i s still in the form: 

contr(V fl - f ^ mi) Rijki »■■•«> V 91 - 9 " V m -Ri jk i 

<8> V Vl - Vw V (dl) Ricij <8 ■ ■ ■ <g V Xl '"**V (d9l) .R£cy<8> (5.62) 

Vi-^V 1 ^ ® •••O v ci - c *= V^Vs), 

(with 5 > fi). 

Now, for each / 6 F 91 '' 1 we denote by CJ(?/>m+i, ■ ■ ■ , V's, ) the com- 
plete contraction that arises from (ipM+i, ■ ■ ■ jV's) by replacing the factors 
V ai - a 'V^.. rj)J R by v ai - ath vj ^ rh Sl. For each / 6 F q A ^,z > M , 

Cf{ipM+i, ■ ■ ■ : if} s ,Q qi ) is the same as before. Applying Lemma [2~T1 to the equa- 
tion J M „ IgdVg — and then the eraser to the M factors V?/>, we derive that 
modulo complete contractions of length > a — M + 1 : 

Xdiv il ...Xdiv tl -M J2 a/C^-^^M+i,...,^,^ 1 ) 

+ Xdw il ...Xdw z _M J! a/C r /' il -" < *-"(V'M+i,...,^,n ai ) = 0. 

(5.63) 

Now, applying Proposition 15 . 21 to the above, we deduce that there is a linear 
combination of acceptable (/x— A/+l)-tensor fields, J2 teT atC g ' %1 — v-m+i . ..,ip s 
so that modulo complete contractions of length ><r — M + jU + 1: 

- Xdiv ifi _ M+1 £ atC*/ 1 -^-^^, . . . ^ s ,n^)V ix v . . . V ifl _ M v = 0. 
teT 

(5.64) 

Finally, an observation: The above equation holds formally. We observe that 
by construction, each complete contraction 
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has at least one factor Vu contracting against each factor V^fl. Therefore, 
since the equation holds formally we may assume with no loss of generality that 
the same must be true of each vector field 

c mx...v-m +1 ( ^ . . . > ^ n)v n v. . . v^_ M v. 

Moreover, we know that for each and each of its factors V^O, one 
factor Vu is contracting against the last index Tp . Modulo introducing complete 
contractions of length > a + fx — M + 1, we may assume that the same is true of 
each of the vector fields C*>*i— v-*f+i. But then, since the above holds formally, 
we may assume that when we apply the permutations to make the left hand 
side of (|5.64[) formally zero, the index r in each factor V^fi is not permuted. 
(One can prove this by applying the operation Erase repeatedly) 

Now, we define an operation Riccify" which is slightly different from the 
standard Riccify: We replace each of the expressions of the form 

V (r) i}V ll v . . . V**"u, V {m) R l]k iV tl v . . . V*"u 

(where each of the factors Vu is contracting against the factor V^iph, V^™- 1 'Rijkl 
respectively) as in the operation Riccify. But we also replace each of the 
expressions 

v&> r nv r ^v...v r ^vv r "v 

I 1 ■ ■ ■ I p 

by a factor 

I 1 ■ ■ ■ I p — 1 

We then observe that since (|5.64|) holds formally without permuting the last 
index Tp in each factor V^fi (and that index is contracting against a factor 
Vf), we then have that: 

Y, a } Riccify"[C^- l ^"{^ M +i, ■ ■ ■ , ^ ^)Vi,v . . . V itl _ M v] 

- Xdiv„- M+1 Riccify"[a t C t g ll - l »- M + l ty u . . . , ^ s ,W)V tl v. . . V <M _ M «] = 0, 
teT 

(5.65) 

modulo complete contractions of length > a — M + 1. 
Hence, the vector field needed for (|5.45[) is precisely: 

Note: Codification of the remaining cases of Lemmas \5.4\ and\5.5\ 



See the appendix for the strict definition of the operation Erase[. . .}. 
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Here we codify what remains to be proven for Lemmas 15.41 and 15.51 We will 
then prove these claims in the paper [5] in this series. 

Lemma \5.4\ What remains to be proven is the second claim in that Lemma: 
Recall the index set F in Lemma I5T41 (this indexes the complete contractions 
in Ig(ipi, ■ ■ ■ ,ips), in the form (|5.24p . with at least one factor V^ p 'Ric or R). 
Recall that for each q, 1 < q < cr ~ s, F q C F stands for the index set of 
complete contractions with precisely q factors V^ p 'Ric or R. Recall that for each 
complete contraction in the form (|5.24[) we have denoted by |A| the number of 
factors in one of the forms A-0/j, R- For each index set F q above, let us denote 
by F q -* C F q the index set of complete contractions with |A| > a — 2, and 

*"* = U,>o 

Claim: There exists a linear combinations of vector fields (indexed in H 
below), each in the form (|5.24|) with a factors, so that modulo complete con- 
tractions of length > a: 

Yl afC^(ipi,...,ip s )-diVi 53 a h C^ t (ip 1 ,...,ip s ) = 53 Oj,C|(V>i, . • • , tp s ), 

f€F* h£H y<£Y 

(5.66) 

where the complete contractions indexed in Y are in the form (|5.24p with length 
a, and satisfy all the properties of the sublinear combination X)/gf ■ ■ ■ but in 
addition have |A| < a — 3. 

The remaining claims for Lemma 15.51 ' 

Lemma 5.6 Denote by L* C L^,J* C J the index sets of complete contrac- 
tions in the hypothesis of Lemma 15.51 with |A| > a — 2, among the complete 
contractions indexed in L^,J respectively. We claim that there exists a linear 
combination of (fi + 1) -tensor fields fields (indexed in H below), with length a, 
in the form {5. 2$ without factors Ric, R and with S = /i so that: 

53 ajC^-^i, . . . , iMVfet; . . . V iM u - divi ^ OfcC*-*!* 1 -*"^!, . . . ,^,) 
zeL* hen 

• V u u . . . V i(l u = 53 ojCj-* 1 -^^!, . . . ,ip s )V h v. . . V^u, 
leT 

(5.67) 

where the fi-tensor fields indexed in L are in the form {5. 2$ with no factors 
V^Ric or R and with |A| < a - 3. 

(Notice that if we can show the above, then in proving Lemma [5.5l we can assume 
with no loss of generality that L* = 0). In the setting L* = 0, what remains to 
be shown to complete the proof of Lemma 15.51 is the following: 

Lemma 5.7 Assume that L* = in the hypothesis of Lemma \5.5\ Denote by 
J* C J the index set of the complete contractions C 3 g {tp\, ■ ■ ■ , tps) with |A| > 
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cr — 2. We then claim that there exists a linear combination of vector fields 
(indexed in H below) so that: 



Yl ajC° g (^i,...,ip s )-diVi ^ a h C^ l {i! U ...^ s ) = ^ a y C v g {^, . . . ,ip s ), 
je.J* hen v ev 

(5.68) 

where the complete contractions indexed in Y' are in the form \5.21$ with length 
o~, with no factors V^ffic or R and have S > fi+1 and in addition \A\ < a — 3. 

If we can show the above claims, then we will have completely shown Lemmas 
and 15.51 and hence also Proposition [5TH which implies Proposition 13. II 



6 Appendix: Some Technical Tools. 

We prove here some technical claims, which will be useful in this series of papers. 

The Eraser: We consider complete contractions Cg (fix, . . . , fl p , (pi, . . . , <j> u ) 
in the form: 



pcontr(V (mi) Rijki <g> • • • ® V (ms) ' R i]k i® 
V (fcl) ^i <g> • • • ® V (fcp) fi p ® V0i ® • • • ® V0„), 

with length cr + u. We fistly define a formal operation on such complete con- 
tractions, which we call the eraser operation: 



Definition 6.1 Consider a set of complete contractions Cg(Jli, ... ,£l p ,4> 



i- 



h £ H , each in the form h6.1\) . Assume that for each h £ H , some particular 
factor (b is fixed, i.e. b is independent of h G H) is contracting against a 
factor V( m ^Rijki and moreover against a derivative index in that factor. 

We then define Erase^ <j> b [Cg '(Hi, ■ ■ ■ , £l p , (j>i, ■ ■ ■ , <j> u )\ to stand for the com- 
plete contraction (of weight —n+2 ) that formally arises from Cg (fii, . . . , Q p , <j>x, . . . , <f> u ) 
by erasing the factor V0f, and also erasing the derivative index that it contracts 
aaainst\ 54 \ 

Lemma 6.1 Consider a set of complete contractions {Cg (Six, ■ ■ . , Q p , <f>x, ■ ■ ■ , <i>u)}heH 
as in the above definition and assume that modulo complete contractions of 
length > a + u + 1 ; 

u g (cix,...,n p ,(i>x,---^u) = ahC 1 g l {n 1 ,...,%Au---Au) = ^ (6.2) 

heH 

We claim that modulo complete contractions of length > a + u: 



Note that we thus obtain a complete contraction of length a + u — 1. 
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^ ah.Erasev4, b [Cg(VLx, . . . , Ct p , fa, . . .,<£«)] = 0. (6.3) 

heH 

Proof: We call the factor X/^ m 'Rijki against which Vfa contracts the special 
factor. We break the index set H into subsets H^, where h G if M if and only if 
C h has m — fi derivatives on the special factor. Observe that since (|6.2[) holds 
formally, it follows that for each different [i: 

]T a h c^n 1 ,...,n p ,fa,...,fa) = J2atC t g (n 1 ,...,n p ,fa,...,fa), (6.4) 

heH^ teT 

where each C* has length > a + u + 1. This holds because the linearized 
version^! of (16. 2\ must hold formally (for the linearized complete contractions), 
and also because under any of the linearized permutations by which we can 
make the linearized version of (|6.2p formally zero, the number of derivatives on 
the special factor remains invariant. Now, it would suffice to show that for each 
jti: 

^2 ahErase V4)b [Cg(n 1 , . . . ,Cl p ,fa, . . . ,fa)] = 0, (6.5) 
heH,, 

modulo complete contractions of length > a + u. 
In order to show this we write: 

u b : = E ohCfai, ...,n p ,fa,..., fa)-J2 otC*(ni, . . . , n p , fa,... , fa)(= o). 

heH teT 

Now, consider Image^, [Ujf] . We denote by Image J,/ A [C/^] the sublinear 
combination that arises in Image 1 ^, \Ug] by replacing one of the factors of the 
form V^Rijki by one of the four linear terms on the right hand side of 
(|2.10p . Now, let us denote by a the index in the special factor that con- 
tracts against the factor Vfa. We denote by linage^, [U^] the linear combi- 
nation that arises from Image^ > ,[U g i ) by applying the transformation law (|2.11[) 
to the special factor and bringing out a factor V a 0' (observe that for every 
contraction in Image^, \Ug] the two factors V</>&,V0' contract against each 
other). We denote by Image 1 ^ [Ujf] the sublinear combination that arises in 
Image^lUg 1 } when we apply the transformation law (|2 . 1 1[) to any complete con- 
traction Cg (ill, . . . d p , fa, . . . , fa") and bring out a factor V ffa, where / ^ a. We 

thus have that each complete contraction in Image 1 ^, \Ug] has length a + u + 1 
and a factor V0' but it does not contract against a factor Vfa. 

Finally, we denote by Y^wew ^wC^i^i, ■ ■ ■ ,O p ,fa, . . . ,fa,<p') a generic lin- 
ear combination of complete contractions with either length a + u + 1 and a 
factor V (9 V {q > 2) or with length > a + u + 1 . 

55 See the introduction in pQ for a discussion of linearized complete contractions. 
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By virtue of (|6.4[) . we derive that 

Image$,[U£(n 1 ,...,n Pi <t> l ,...,<l> u ,4/)]=0. (6.6) 
In addition, we deduce that: 

linilmageyiUgfSlx, . . . , P , fc, . . . , U! <£')]} = 0. (6.7) 

Hence, since the above holds formally, we may repeat the permutations by which 
we make the above formally zero to the linear combination 
Imageb, [Ujf(Qi, . . . , fi p , 4>i, ■ ■ ■ > 4>u)]', we deduce that: 

Image^, A [U^(n 1} fi p , fa,. . .,4> u )] = 53 a y C%(toi, ...,Sl p ,fa,.. . , fa, </>') + 



2 ^^(^,...,^,0!,. 



W<=W 

(6.8) 



where each C^(VLi , . . . , f2 p , fa, . . . ,fa,fa) has length a + u + 1 and a factor Wcj). 



but that factor contracts against a factor V^iJyjw. This follows by virtue of 
the formula ([23]) . 

Hence we deduce that, modulo complete contractions of length > a + u + 2: 



ImagelfiUg] + Image 1 / \U»\ + ^ (^(fii, . . . , Op, fa, ■ ■ ■ , <t>') 

+ 53 a w c™{n 1 ,...,n p ,fa,...,^ u ,fa) = o. 



Then, since the above must hold formally, it follows that, modulo complete 
contractions of length > a + u + 1 : 

Image/p^] + Image l f[U»] + ^ o^fii, . . . , fi P) fa, . . . , ^, 0') = 0. 

(6.10) 

Now, since the above must hold formally, and since each complete contrac- 



tion in Imageh, [U^] has the factor Vfa not contracting against the factor V(f>, 



b, 



we derive: 



Imageypg] = 0, (6.11) 

(modulo contractions of length > a + u + 2) . 

Lastly we observe, by virtue of the formula p. lip and by virtue of the factor 
e 2 ^ in piDjl . that: 



Imagey[U%] = -(p + l)V c b V c 0' ^ a fe #rose v ^ [C£] (6.12) 
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|[6TTT]) . (j6"T2")) imply our claim. □ 



Note: The analogous result is completely obvious if the factor V</>5 is con- 
tracting against a factor V'^fi/: We just replace flf by 17/ • <fi' and pick out 
the sublinear combination with an expression V w <f>'\J w <j)b- □ 

The operation Sub^: We state another useful tool. For future reference, 
we will introduce the complete contractions we will be studying. We will be 
considering complete contractions C™(fii, . . . , fl p , <j>\, . . . , <j) u ) in the form: 

contr{V {mi) R®- ■ •®V (mn) i?®V (ri) fii®- ■ ■®V (ri,) fip®V0i(g)< ■ (6.13) 

with length a+u and wzi/* one internal contraction. The contractions in the form 
above all have a given number u of factors V0i , . . . , V</> u and a given number 
p of factors V""f2i, . . . , V^ w 'fl p (here the functions <p\, . . . ,(f> u and fix, . . . , f2 p 
are understood to be different). We assume an equation: 

^a d C'|(O 1 ,...,n p) ^ 1 ,...,0 u ) = O, (6.14) 

d6_D 

which holds modulo complete contractions of length > a + u + 1 . We divide the 
index set D into subsets D\,D 2 C D. We will say that d E -Di if the internal 
contraction is between internal indices in a factor V^Rijki and D 2 =D\Dx. 
In other words, Cg(fii, . . . , fij,, (f>i,..., (f> u ), d E D\ will have a factor V^-Ricjfe, 
while Cg(fii, . . . , fJ p , (p\,..., (f> u ), deft will have an internal contraction be- 
tween indices (V s , s ). 

We then define an operation Sub^ that acts on the complete contractions Cg, 
d E D as follows: For d E D\ Subu:[Cg] will stand for the complete contraction 
that arises from Cg by replacing the factor V^... rp RiCik by a factor — V^ + ^ ik u. 
If d E Di, Sub^lC g] will stand for the complete contraction that arises from 
Cg by picking out the internal contraction (V s , s ), then erasing the derivative 
index V s and then adding a factor V s w and contracting it against the index s 
that has been left hanging. 

Lemma 6.2 Assuming ft6.14\ ) we claim, in the notation above: 

a d Sub u [C g \VLi, ftp, (f>x,... , <f>u)]+^2 a-vCgi^i, ■ ..,O p , <t>\, •■ ■ = °> 

deD v€V 

(6.15) 

where each Cg is a contraction of length a + u + 1 m </ie /orm 

conir(V (mi) i?®- • ■(g)V (ma) ii(g>V (o) a;(8)V (ri) ni(8)' • ■®V( r » ) tl p ®V(j>i®- ■ -®V0 U ), 

(6.16) 

with a factor V^ a 'u),a > 2. 
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Proof: The proof goes as follows: We re-write (|6.14[) in the form: 



deD heH 

(6-17) 

where each C g has length > a+u + 1. We then re- write this in a high dimension 
N (we can do this since the equation holds formally-see the discussion in the 
section on "Trans-dimensional isomorphisms" in [1]) and take Image^[Sg\. We 
of course have Imagers g ] = 0. By virtue of the transformation laws (|2.10p . 
(|2.1ip . we derive: 

(0 ^)Imagel[S g N] = ^ a d N • Sub u [C^s{Sli, ■ ■ ■ , Sl p , <fa, ■ ■ -,<j> u )]+ 
deD 

N ■ ^2 a v Cg N (Sli, ...,Sl p ,(f>i,.. .,(j) u ,u>)+ (6.18) 

v£V 

Nj2a j (N)Ci N (Sl 1 ,...,Slp,(l )u ..., ( j> u ,uj), 
je.ii 

where here the contractions C^ N are in the form (|6.16p , have length a + u + 1 and 
a factor V^lj, a > 2, while the contractions C 3 gN , j S J\ have length > a+u + 2; 
each coefficient a,j(N) is apolynomial in N, of degree or 1. Now, re- writing the 
above in dimension n and picking out the sublinear combination of terms that 
are multiplied by N (notice this sublinear combination must vanish separately) 
gives us our claim. □ 

Vw's into Xdiv's: We finally present a final technical Lemma which will 
be used on numerous occasions in this series of papers. 

First some notation: We let J2feF a f^g' n " l °(^i, ■ ■ ■ , Sl p , <j>x,--., 4>u) stand 
for a linear combination of a-tensor fields, with each C*J' Jl ■■■*<* {Six, ■ ■ ■ , Sip, <t>Xi • • • , <Pu) 
being a partial contraction in the form: 



pcontr(W {rni) R ljk i®---®V {m3) R* 3 H® , . 

ru ru i _ (6.19) 

v (6i) rji ® •• • ® \7 (b »>n p <g> V0i &> • • • <8 V0 U ), 

each having a given number o~i of factors V*" 1 ) Rijki, a given number p of factors 
V^Sl h , 1 < h < p and a given number u of factors V(f> y , 1 < y < u. We are also 
assuming that each bi > 2,1 < i < p and that each factors V4>h is contracting 
against one of the factors V^ifcjiy. V^QhPl Furthermore, we assume that 
none of these tensor fields has an internal contraction. 
We assume an equation: 

5B In particular, no free index belongs to one of the factors V0 H . 
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J2a f Cf> h -- A <>((li,...,n p , ( j> 1 ,..., ( j> u )V il v...V ia v = 

a y C v g ' h -^{Q. u . . . , Q p , fa, . . . , 4> u )V n v. ..V la v ( 6 20 ) 

yeY 

+ H ^C?'* 1 '"* (Hi, . . . , fip, 0i, . . . , 0„)V n u . . . V la v, 

where the tensor fields in the RHS have length a + u + 1; furthermore, the 
ones indexed in Y have a factor Vft p (with only one derivative), while the ones 
indexed in Z have a factor V^f2 p with b > 2. 

We recall that for the tensor fields indexed in F, Xdivi 1 . . . Xdivi a [(7/»»i— *a] 
stands for the sublinear combination in diVi 1 . . . divi a [C^ ,n where neither of 
the derivatives V lr is allowed to hit any factor V0t , nor the factor T to which i h 
belongs. For the tensor fields indexed in Y, Xdivi 1 . . . Xdivi a [C* , ' 1 "' tot ] stands 
for the sublinear combination in div^ . . . divi a [C| ,n '"*=] where neither of the 
derivatives V* r is allowed to hit any factor V0t, nor the factor T to which i h 
belongs, nor the factor Vf2 p . 

Our claim is the following: 

Lemma 6.3 Assume the equation h6.2(fy . We then claim that: 



a f Xdiv n . ..Xdiv^C^-^iftx, ■ ■ ■ ,top,<t>i, ■ ■ -,<Pu) = 

f<=F 

^ a y Xdiv ix . . . Xdiv^Cf 11 -^ (Six, . . . , Sl p , X , . . . , U ) (6.21) 

+ Y azCg(Vti, . . . , ftp, 0i, . . . ,0 U ), 
zez 

Ziere X^zez ■ ■ ■ s ^ an ds for a generic linear combination of complete contractions 
in the form W.19\) with length a + u + 1 and with a factor V^f2 p , A > 2 

Proof of Lemma \6.3[ We consider (|6.20|) and immediately derive an equation: 



afdiv^ . . . div ia C^ ll - la (Six, . . . , ft p , 0i, . . . , (j> u ) = 

feF 

^ a^diuij . . . div la Cf ll - la (Oi, . . . , Sl p , 0i, . . . , <p u ) (6.22) 
+ ^ a z div tl . . . div iot C^ il - i "(Sl l ,. . . , Sl p , <j> u . . . , 4> u ). 

Now, we divide the LHS of the above into three linear combinations: L 1 is 
the sublinear combination which consists of terms with no internal contractions 
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and with one derivative on each function <j>h L 2 is the sublinear combination 
which consists of terms with at least one internal contraction in some factor 
and and with one derivative on each function <f>h] L 3 stands for the sublinear 
combination of terms with at least one function (j>h differentiated more than 
once (and V^ B ^ p still satisfies B > 2 by construction). 

It easily follows that each of these three sublinear combinations must vanish 
separately at the linearized level^^ We denote by ZmjL 1 }, lin{L 2 }, lin{L 3 } 
the linear combinations of linearized complete contractions that arise from 
L 1 , L 2 , L 3 by replacing each complete contraction C g {Q,\, . . . , Q p , <j>\,..., (j) u ) by 
its linearization lin{C g (fli, . . . , <f>i, . . . , (f> u )}. 

Then, repeating the permutations by which we make the equation lin{L 2 } = 
and lin{L 3 } = formally zero to the non-linear setting, we derive that: 

l 2 = J2 a»cr*(ni ) ... ) n p ,0i,...,^ u ) ) 

z£Z\JZ' 

where the terms indexed in Z above are a generic linear combinations with the 
properties described above. The terms indexed in Z' have length a + u + 1 and 
have only factors V0^, Vf2 p but also have at least one internal contraction. By 
the same reasoning we derive an equation: 

L 3 = ]T ^(fix,...,^!,...,^) 

zez(jz'(jz" 

where the tensor fields indexed in Z" have length a + u + 1 and at least one 
factor V (B Vfc, B > 2. 

Thus, replacing the above into (|6.22[) we derive: 



^2 a f Xdiv tl . ..M^^'"-'"^!, . . . ,fip,0i, . . .,<j> u ) = 
feF 

^2 a y Xdiv tl . . . Xdiv lc Cf ll --- la (fix, . . . , Q p , <f> x , . . . , <j> u ) 

+ a z C*(n 1 ,...,n p ,(f) 1 ,...,<l> u ), 
zez\jz'\jz" 

(and the above holds modulo terms with length > a + u + 2). 
Now, using the above we derive that we can write: 



a f Xdiv h . . . \(ln;jf' : ' (fit, ... ,fi p , <j> u ... , <t> u ) 

= Y fl mC 9 m (fil, ■ ■ ■ ,fip,01) ■ ■ ■ ,K), 



57 Observe that L 1 = J2 feF a f xdiv ii ■ ■ • Xdivi a Cg' il " A >* (fij., . . . ,fi p ). 

58 See the section "Background material" in [l] for a strict definition of linearized complete 
contractions. 
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where the terms indexed in M have length a+u+l and no internal contractions, 
and also have one derivative on each function <ph . 

Therefore, substituting the above into (|6.23p (and using the fact that (|6.23p 
holds modulo complete contractions of length > a + u + 2), we derive that in 

a z ci(n 1 ,...,n p ,<f> 1 ,..., < p u ) = o, 

z€Z'(JZ" 

modulo complete contractions of length > a + u + 2. This completes the proof 
of our claim. □ 
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